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Problem 1: Set (20 points) Let A = {a, b, c}, B = {x, y}, C = {x ∈ Z|0 ≤
x ≤ 1}, D = {x ∈ N|x ≤ 5}, and Ei = {1, 2, 3, . . . , i}, find

(a) A×B × C
(b) B ×A× C
(c) A2.
(d) C3

(e) C ∪D
(f) C ∩D
(g) C −D
(h) D − C

(i)
n⋃

i=1

Ei

(j)
n⋂

i=1

Ei

Problem 2: Function with One-to-one Correspondence (10 points)
Determine whether each of these functions is a bijection from R to R. If it is,
then derive its inverse function.

(a) f(x) = 2x + 1
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(b) f(x) = x2 + 1
(c) f(x) = x3

(d) f(x) = (x2 + 1)/(x2 + 2)

Problem 3: Function Composition (15 points).
(a) Find f ◦g and g ◦f , where f(x) = x2 +1 and g(x) = x+2, are functions

from R to R.
(b) Find f + g and fg for the functions f and g given (a).
(c) Let f(x) = ax + b and g(x) = cx + d, where a, b, c, and d are constants.

Determine necessary and sufficient conditions on the constants a, b, c, and d so
that f ◦ g = g ◦ f .

Problem 4: Sequence (15 points) Let an = 2n + 5 · 3n for n = 0, 1, 2, . . .
(a) Find a0, a1, a2, a3, and a4.
(b) Show that a2 = 5a1 − 6a0, a3 = 5a2 − 6a1, and a4 = 5a3 − 6a2.
(c) Show that an = 5an−1 − 6an−2 for all integers n with n ≥ 2.

Problem 5: Sequences and Summation (24 points) Compute each of
these sums

(a)
8∑

i=1

3× 2i

(b)
24∑
j=1

(−6j + 5)

(c)
519∑
k=1

1
k(k+2)

(d)
18∑
j=0

(j + (−1)j)

(e)
18∑
j=0

(2 · 3j + 3 · 2j)

(f)
200∑

k=100

(2k + 3)

(g)
3∑

i=1

2∑
j=1

(i− j)

(h)
2∑

i=0

3∑
j=0

i2j3

Problem 6: Cardinality of Sets (6 points) Determine whether each of these
sets is finite, countably infinite, or uncountable. For those that are countably
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infinite, exhibit a one-to-one correspondence between the set of positive integers
and that set.

(a) the integers greater than 10.
(b) the odd negative integers.
(c) the integers with absolute value less than 1,000,000.
(d) the real numbers between 0 and 2.
(e) the set A× Z+ where A = 2, 3.
(f) the integers that are multiples of 10.

Problem 7: Matrices (10 points)
(a) Find A + B, where

A =

 1 0 4
−1 2 2
0 −2 −3

 and B =

−1 3 5
2 2 −3
2 −3 0


(b) Find AB with A and B given in (a).
(c) Find the Boolean product of A and B, where

A =

1 0 0
0 1 0
1 1 1

 and B =

1 0
0 1
1 1


(d) Find A[2], A[3] and A ∨A[2] ∨A[3] with A given in (c).

[Optional] Extra Points (20 points)

(a) Show that
n∑

j=1

(aj − aj−1) = an − a0, where a0, a1, . . . , an is a sequence

of real numbers. This type of sum is called telescoping.
(b) Use the identity 1/(k(k + 1)) = 1/k − 1/(k + 1) and (a) to compute

n∑
k=1

1/(k(k + 1)).

(c) Sum both sides of the identity k2 − (k − 1)2 = 2k − 1 from k = 1 to

k = n and use (a) to find [1] a formula for
n∑

k=1

(2k − 1) (the sum of the first n

odd natural numbers), and [2] a formula for
n∑

k=1

k.

(d) Use the technique given in (a), together with the result of (c)[2], to derive

the formula for
n∑

k=1

k2 = n(n+1)(2n+1)
6 . [Hint: Take ak = k3 in the telescoping

sum in (a).]
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