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Recap Previous Lecture

solution
region Y2

~ = T oyane
= at\ﬂgp
sepd*

a'y; > 0 for all samples y;
solve system of linear inequalities

J

a'y; = b; for all samples y;
solve system of linear equations

ECSE-6610 Pattern Recognition

solution
region Y2

- 5 o1ane

J(a,b)=|Ya-b|
V.J =2Y'(Ya-b)=0
V, Juc =—-2(Ya-b)=0

Alternate the two steps below until convergence:
(@ Fix b and minimize Ju(a,b) with respect to a
(2 Fix a and minimize Juk(a,b) with respect to b
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Linear Classifiers ?

X > f > Z
f(x,w.,b)=signiw.x+Db)
° denotes +1
> denotes -1 : . )
e o ) How would you
J° ° classify this data?

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



Linear Classifiers ?
X

f ‘

V4

A 4

f(x,w.,b)=signiw.x+Db)
° denotes +1

° denotes -1

How would you
classify this data ?

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



Linear Classifiers ?

f

X

A 4

[

V4

f(x,w.,b)=signiw.x+Db)

° denotes +1

° denotes -1

How would you
classify this data ?

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



Linear Classifiers ?
X

f ‘

V4

A 4

f(x,w.,b)=signiw.x+Db)
° denotes +1

° denotes -1

How would you
classify this data ?

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



Linear Classifiers ?

° denotes +1

° denotes -1

O\

f ‘

X " Z

A 4

fix,w.b)=sign(w.x+b)

Any of these
would be fine..

0. ..but which is
o o beStc?
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Classifier Margin ?
X . f -

f(x,w.,b)=signiw.x+Db)
° denotes +1
) ° Define the margin
° of a linear
1 ° . - classifier as the
o o width that the
. boundary could be
. increased by
o before hitting a
o o datapoint.

° denotes -1
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Maximum Margin ?
X

f ;

V4

A 4

f(x,w.,b)=signiw.x+Db)
° denotes +1

> denotes -1 : The maximum

° o margin linear

1 . -  Classifier is the

) o linear classifier

. with the, um,

. maximum margin.

o C e This is the
o o simplest kind of
- SVM (Called an

_
Linear SVM LSVM)
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Support Vector Machine (SVM)

- SVMs maximize the margin around
the separating hyperplane. Support vectors

- A.k.a. large margin classifiers

- The decision function is fully
specified by a subset of training
samples, the support vectors.

- Solving SVMs is a quadratic
programming problem

- Seen by many as the most
successful current text
classification method*

\Maximizes
margin

Narrower!
margin |
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Why Maximum Margin?

Intuitively this feels safest.
If we’ve made a small error in the location of the boundary

(it's been jolted in its perpendicular direction) this gives us
least chance of causing a misclassification.

Leave-one-out cross-validation (LOOCYV) is easy since the
model is immune to removal of any non-support-vector
datapoints.

There’s some theory (using VC dimension) that is related to
(but not the same as) the proposition that this is a good
thing.

Empirically it works very very well.
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Maximum Margin: Formalization

w: decision hyperplane normal vector
X;: data point /

z;: class of data point /i (+1 or -1)
Classifier is: f(x;) = sign(w™x; + b)
Functional margin of x;is: z;(W'x; + b)

— But note that we can increase this margin simply by scaling
w,b....

Functional margin of dataset is twice the minimum
functional margin for any point

— The factor of 2 comes from measuring the whole width of
the margin




Geometric Margin

- Distance from example to the separator is r= Z%

- Examples closest to the hyperplane are support vectors.

- Margin p of the separator is the width of separation between
support vectors of classes.

Derivation of finding r:

Dotted line x’ —x is perpendicular to
decision boundary so parallel to w.
Unit vector is w/|w|, so line is rw/|w]|.
X’ =X-—zrw/|wl.

x’ satisfies wTx’ + b = 0.

So wT(x —zrw/|w|) + b = 0.

Recall that |w| = sqri(wTw).

So wix —zrlw| + b= 0

So, solving for r gives:

r=2z(w'x + b)/|w]




Linear SVM Mathematically

- Assume that all data is at least distance 1 from the hyperplane,
then the following two constraints follow for a training set {(x; ,z;)}

wix,+bhb=>1 ifz,=1
wix;,+bh<-1 ifz;=-1

- For support vectors, the inequality becomes an equality
- Then, since each example’s distance from the hyperplane is

W X+b

Jwi

r=2

- The margin is:
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Linear Support Vector Machine (SVM)

« Hyperplane
T _
WiXxX+b=0 Wix, + b = -1
o Extra scale constraint:
min,_; ., [WTx;+b| =1

- This implies:
WT(X;—Xp) = 2
p = |Ixa=Xpl| = 2/|[w]]
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SVM: Optimal Hyperplane

« Maximize margin  p = |[x;—Xy|| = 2/||w]]|

w'x,+w,>1 if x; is positive example

- Subject to constraints {w‘x, +w, <-1 if x, is negative example

. Let JZ=1_If X is positive example
z,=-1 if x; is negative example

« Can convert our problem to minimize

minimize J(w}:%||w||2

constrained to z,(w'x, +w,)>1 vi

- J(w) is a quadratic function, thus there is a single global
minimum
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SVM: solution, Lagrange multipliers

minimize J(w):%”w”z

constrained to z,(w'x, +w,)>1 vi

- Let start by representing the constraints as losses
{ 0, Z;(Wt)(,' + Wo) —1>0

max o(1 z,(w Xi+Wp)) = o otherwise

a>0

and rewrite the minimization problem in terms of these

!lar>

mln {2 ||w|| + Z max o;(1 — z;(wix; + Wo))}

= min max {2 ||w|| + Z ai(1 — zi(whx; + wo))}

W >0 i=1
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SVM solution cont’d

- We can then swap "max" and "min":

n
min {% | ww |2 + Y max a;(1 — z(wix; + wo))}
w =1 Ozf>0

-

n b
= minmax< 1 |w|* + 3 a;(1 — z(wix; + wp))
w O:f>0 L =1

h'd

A
~

hn

. 2

= maxmin{i|w|°+ > a;(1 - z;(wix; + wp))
a;>0 W | i=1

N
N

- As a result we have to be able to minimize J(w; a )
with respect to parameters w for any fixed setting of
the Lagrange multipliers ai= 0




SVM solution cont’d

- We can then swap ‘'max’ and 'min’:

mln {2 HWH + E max a;(1 — z;(wix; + wo))}
=1 a,,>0

-

= min mMax «
w O:f>0 s

= max min <«
Oﬂf>0 w

1w+ Z ai(1 — zi(w'x; + wp))

i=1

hn
% ||wH2 + Y ai(1 — zi(Wix; + wp))

i=1

h'd

A
~

N

A

- We can find the optimal w as a function of {« i} by
setting the derlvatlves to Zero:

oW
9
aW{;.

—J(w o) = W — Za;z,x, =0

=1

J(W,le) = —Za;Z; =0
i=1




SVM solution cont’d

- Back into the objective and get (after som algebra):

n
rrax {% W2+ - ai(1 - z(wix + wO))}
aj > 0 i=1
> iiZj =

n n
max {Z aj — % > iy ZiZiXiX; }
ai > 0 i=1 ij=1

Zf a;jzi =0
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SVM: Optimal Hyperplane

« Use Kuhn-Tucker Theorem (KTT) condition to convert our
problem to:

n n n
maximize Ly(a)=> ¢ -%ZZo:,«:}:,fz,f.v.'J,x}'.ufI
i=1 i=1 j=1

constrainedto  «,20 Vi and Y a;z,=0
i=1

- a ={ai,..., an} are new variables, one for each sample
«  Optimized by quadratic programming
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SVM: Optimal Hyperplane

- After finding the optimal a = {ai,..., an}

- Final discriminant function:

g(x) [Za;z,x,] X+W,

JqES

- where S is the set of support vectors

12

10 W
00363 :
| DO —— -
= 4 @
0'078/ 2. o
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SVM: Optimal Hyperplane

n n n
maximize Ly(@)=> ¢ —%ZZ.:J:,c:ejz,z}.:r,f.1:Jf
i=1 i=1 j=1

constrainedto @20 vi and ¥ az =0
i=1

- Lb(a) depends on the number of samples, not on

dimension
— samples appear only through the dot products )gfxf

« This will become important when looking for a
nonlinear discriminant function, as we will see soon

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



SVM: Non-Separable Case

- Data are most likely to be not linearly separable, but
linear classifier may still be appropriate

4 X2

outliers

« Can apply SVM in non linearly separable case

- Data should be “almost” linearly separable for good
performance

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



SVM: Non-Separable Case

- Use slack variables ¢ 1,..., &n (one for each sample)

- Change constraints:

z_';(w‘xﬁw,,)zf Vi I:> z,(w'x,+wa)21-§f Vi

- &iis a measure of deviation
from the ideal for xi
—&i2 1: xiis on the wrong side of  -.,
the separating hyperplane
— 0 < &i<1:xiis on the right
side of separating hyperplane but
within the region of maximum

margin
— £i< 0 :is the ideal case for xi

AX?) |
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SVM: Non-Separable Case

- We would like to minimize

1 # of samples
Jw,é,....,&,) = owi™+ A not in ideal location

Where (& >0)= {; :: ? Z g

- Constrained to zi(w‘x,.+w0)3_>1—§,- and & 20 Vi

- [ is a constant which measures relative weight of the first
and second terms
—if B is small, we allow a lot of samples not in ideal position
—if B is large, we want to have very few samples not in ideal
positon
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SVM: Non-Separable Case

1 # of examples
JWw,é,,...E )= E|||.-.+'|| 2+ b not in ideal location

&
4 X2 e

large B, few samples not in ~ Small j, a lot of samples
ideal position not in ideal position
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SVM: Non-Separable Case

- Unfortunately this minimization problem is NP-hard
due to the discontinuity of I( &)

« Instead, we minimize

a measure of
JW,E s E,) = S|w|2+ ¢ of misclassified
2 examples

subject to

z(wix, +w,)>1-& Vi
£>0 Vi
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SVM: Non-Separable Case

« Use Kuhn-Tucker Theorem (KTT) conditon to
convert to:

2 £ n n n
maximize Ly(a)=>« %Z aoZZ, X X,

i=1 i=1 f=1

constrainedto  0<e¢ <p Vi and zaz =

=1

- W and wo IS computed using:
w=iaizixi :> ai[zi(wfxi+wa)" 1]=
i=1

- Remember that:
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Non-linear SVMs

- Datasets that are linearly separable (with some noise)
work out great:

- But what are we going to do if the dataset is just too hard ?

o—& —0— *0—0 @ *—>

0 X
- How about mapping data to a higher dimensional space:
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Non-linear SVMs: Feature spaces

- General idea: the original feature space can always be
mapped to some higher dimensional feature space where
the training set is separable:

. X X
( I ) _) K
® ® ®
e, @ P
® ®
. . o
. .
.....
K
10
o ..
0
s - .
o 0
-
“‘
K
.
-"
. . -
R S
. .
. . R . . *
0 0
0 e .
s 0
-y 4 ‘0‘
. H ."
‘e,

o > ® ® ®

. - .

. o
>
‘e,
‘e
@ ®
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Outline

« Why Maximum Margin?
- Support Vector Machine
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Kernels

- SVM optimization:

Maximize L,(a)= Za——ZZa-az-z.x-x

if}!

- Note this optimization depends on samples xi only
through the dot product x/x;

- If we lift xi to high dimension using (l)(X,), we need to
compute high dimensional product ¢ (X;) T (X;)

Ly(a)= Za ——ZZa’azz 7

i=1 1-1 j=1

Idea: find kernel function K(xixj) s.t. K(x;X; = ¢(x;)'¢(x))




Kernel Trick
- Then we only need to compute K(xi,xj) instead of
$(Xi) Td (X))

- “kernel trick”: do not need to perform operations
In high dimensional space explicitly
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Example

- 2-dimensional vectors x=[x,, X,].
- Let K(x;,X;)=(1 + X;X;)?
- Need to show that K(x;,X;)= & (X;) T (X;):
K(Xi,X)=(1 + X;TX;)?
= 14 Xi2X; 7 + 2 XigXj XioXjo+ Xiz"Xjo” + 2X;, X, + 2X:X;5
=[1, X2 V2XiXiz, Xi2?, V2 X V2 X2V (1, X2, v/2 XX,

X% V2 Xj1 5 V2 X))
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Choice of Kernel

- How to choose kernel function K(xi,x;j)?
— K(xi,xj) should correspond to ¢ (x;) T ¢ (X;) in a higher dimensional
space
— Mercer’s condition tells us which kernel function can be expressed
as dot product of two vectors

— If K and K’ are kernels aK+bK’ is a kernel

« Intuitively: Kernel should measure the similarity between xi
and X;
— As inner product measures similarity of unit vectors
— May be problem specific




Choice of Kernel

- Some common choices:

— Polynomial kernel

K(xf,x;)=(x,.‘xf+1)”

— Gaussian radial Basis kernel i
8.

K(x,-,xj)=exp(— 1 ||xi_xjH2] y

20?
— Hyperbolic tangent (sigmoid) kernel

K(x;,x;) = tanh(k x;x; + c)

- The mappings ¢ (xi) never have to be computed!!

ECSE-6610 Pattern Recognition Lecture 11
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Intersection Kernel

Feature vectors are histograms

n
K(x,x)=> min(x, x,)
k=1

When K(xi,Xj) is small, xi and xj are dissimilar
When K(xi,Xj) is large, xi and xj are similar
The mapping ¢ (x) does not exist
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More Additive Kernels

h

2 2x, ),
X K og=p—t
kernel 5 é % +7,

Hellinger's kernel  k, =3 /x,y,
k=1

Designed for feature vectors that are histograms
— Can be used for other feature vectors

Offer very large speed ups
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The Kernel Matrix

- a.k.a the Gram matrix

K(1,1) | K(1,2) |K(1,3) |... K(1,m)

K(2,1) |K(2,2) |K(23) |... K(2,m)
K=

K(m,1) [K(m,2) |K(m,3) |... K(m,m)

- Contains all necessary information for the learning

algorithm
- Fuses information about the data and the kernel
(similarity measure)

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



Bad Kernels

- The kernel matrix is mostly diagonal
— All points are orthogonal to each other
- Bad similarity measure

- Too many irrelevant features in high dimensional
space

- We need problem specific knowledge to choose
appropriate kernel
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Nonlinear SVM Step-by-Step

- Start with data x1,...,xn which live in feature space of
dimension d

- Choose kernel K(xi,xj) or function ¢ (xi) which lifts
sample xi to a higher dimensional space

« Find the maximum margin linear discriminant function
in the higher dimensional space by using quadratic
programming package to solve:

3

n

maximize L,(a)= za,-%i a,2,2,z,K(x;, x;)
i=1

Py ' it
i=1

constrainedto 0<e <p Vi and Za'z =




Nonlinear SVM Step-by-Step

Weight vector w in the high dimensional space:
W= Zazgﬂ (x,)
— where S is the set of support vectors

Linear discriminant function of maximum margin in the high
dimensional space:

o(p(x))= wo(x) (za,z,@ ]qv(x}

Non linear discriminant function in the original space:

(Zaz o(x )J o(x) = Zga,.z,.@’(x,.)ga(x) = ;"IEZEK(X;: X)

XS

decide class 1 if g(x ) 2 0, otherwise decide class 2




Nonlinear SVM

« Nonlinear discriminant function

g(x)= LﬂK(Xf,X)‘

X;ES

: 1| | inverse distance”
X) Z weight of support | |F71 from x to

vector X; support vector X;
most important
training samples 1 )
..e. support vectors K(x;,x)= exp[— 257 |x; — x| )
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SVM Example: XOR Problem

Class 1: x1 =11,1], x2 =[1,1]

Class 2: x3 =[1,1], x4 = [1,1]

Use polynomial kernel of degree 2: (o]
K(x,X) = (X;'X;+ 1)

— This kernel corresponds to the mapping

o(x)=ft v2x" J2x® J2x0x@ (x} (x@F]

Need to maximize

4 1 4 4 .
L,()= Za; —Ezzfx,-a,-zfzj(x,- X;+ 1)2
—1

i=1 j=1

constrainedto <e, Vi and a,+a,-a,—a,=0
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SVM Example: XOR Problem

- After some manipulation ...

- The solutionisal=a2 =a3 =a4 =0.25
— satisfies the constraints

Vi, 0<e¢;, and a,+a,-a,—a, =0

« All samples are support vectors
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SVM Example: XOR Problem

@,(x)=[, 2x0 J2x® 2x0x@ (xOF (xtz})!]'

- The weight vector w is:

w= Zam(xf) = 0.25(p(x,)+ ¢(x,)- o(x;)- p(x,))
=lo 0 0 -v2 0 0

« Thus the nonlinear discriminant function is:

a(x)=we(x Z w,0,(x) = —/2(y2x"x®) = —2x"x

i=1
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SVM Example: XOR Problem

g(x)=-2x"x2)
J2xW (2

decision boundaries nonlinear decision boundary is linear
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SVMs for image classification

- Pick an image representation (in our case, bag of
features)

- Pick a kernel function for that representation

« Compute the matrix of kernel values between every
pair of training examples

« Feed the kernel matrix into your favorite SVM solver to
obtain support vectors and weights

- At test time: compute kernel values for your test
example and each support vector, and combine them
with the learned weights to get the value of the
decision function




What about multi-class SVMs?

- Unfortunately, there is no “definitive” multi-class SVM

formulation
 In practice, we have to obtain a multi-class SVM by
combining multiple two/ class SVMs

« One vs. others
Traning: learn an SVM for each class vs. the others

- Testing: apply each SVM to test example and assign to it
the class of the SVM that returns the highest decision

value
« One vs. one
Training: learn an SVM for each pair of classes

- Testing: each learned SVM “votes” for a class to assign to
the test example




Application Example: Digital Recognition

« MINST Dataset
- All images were centered in a 28 X 28
image. This database contains 60,000
images for training and 10,000 images
for testing.

NN DLW ND
NS R WP ~Q
s el XN —m
g O =\ htr,l.cw”_-g.
a4 d NN0
AN SN LEWDLDWD
PN N Py N =~D
el AR NSO
(N QD wyY o
SN~ AR D
DO B CWw N~
RNNrCULWN~D
N AR RUN~D
wwvwealhhrtwin~O
sNenhelW,~-0Q
R ER~—0O
D T eSO N-O
SN T W ]
tNNechaPYN—-—D

yiw-xi+b)>1—¢g, &>0, 1<i<n
) l n
min EHW||2+C):€;'
i=1
2
K(xi,xj) = exp(—7||xi —x;||)

The strategy for multi-class
classification with binary
classifiers is one-against-one,
10-fold cross validation.

[Tuba,E., Tuba,M., Simian,D. Handwritten Digit Recognition by Support
Vector Machine Optimized by Bat Algorithm, In Proc. WSCG 2016.]




Application Example: Digital Recognition

Digit MLNN | SVM-BAT
0T 1 12173 7 aT5T7 6 778109 0 86.45 99.00
0o/ [oloflo]lo]o]l o lo][]T1]oO 1 04.39 99.00
109|000 0] 0 O0[1]O 7 88.73 97.00
2/ 00 (97110 0 O0]1]oO
370038 0110 1610 3 77.02 89.00
4/ 0000|9810 001 4 76.12 98.00
sl olo[1[7]ofJotr] o o|1]o 5 84.10 01.00
6/ 0 0|00 |0]O0J100]lO0O]O0]O 6 7881 100.00
7100|0001 0 /[93]0]6
S 0 0 1 0 0 1 ) 1 03 0 7 i 12 93 00
91000200 |1 [1]09 8 79.03 95.00
Table 1: Accuracy of classification for our proposed method (%) 9 49.64 95.00
Global | 79.14 95.60

MLNN: Kessab, B. E., Daoui, C., Bouikhalene, B. Fakir, M. and Moro, K.
Extraction method of handwritten digit recognition tested on

the MNIST database. |[JAST, 2013.

SVM-BAT: Tuba,E., Tuba,M., Simian,D. Handwritten Digit Recognition by
Support Vector Machine Optimized by Bat Algorithm, In Proc. WSCG 2016.
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Application Example: Digital Recognition

01

05

10

Walidation accuracy

Q‘N

> £
o® <
gamma
Method

Random forest

Simple one-layer neural network

Simple 2 layer convolutional network

SVM RBF

Linear SWVM + Nystroem kernel approximation

Linear SVM + Fourier kernel approximation

095
090
085
080
075
070
065
060
0.55
050

Accuracy Comments
0.937

0.926

0.981

0.9852 C=5, gamma=0.05

Code available at Github.
URL.: https://github.com/ksopyla/svm_mnist_digit_classification

Validation accuracy

01f

05 |

10F

508

10.0

Best parameters:

« C=5
« gamma = 0.05
» accuracy = 0.9852

0.70

0.65

0.60

0.55

0.50



SVMs: Pros and cons

- Pros

- Many publicly available SVM packages:
http://www.kernel-machines.org/software

- Kernel-based framework is very powerful, flexible

- SVMs work very well in practice, even with very small
training sample sizes

- Cons
- No “direct” multi—class SVM, must combine two/ class

SVMs
- Computation, memory

During training time, must compute matrix of kernel values for
every pair of examples

Learning can take a very long time for large/ scale problems




LIBSVM

 http://www.csie.ntu.edu.tw/~cjlin/libsvm/

- Available Examples with datasets :
« http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
 http://archive.ics.uci.edu/ml/datasets.html

ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



ECSE-6610 Pattern Recognition Lecture 11 February 27, 2018



