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Discrete Random Variables

A Random Variable is a measurement on an
outcome of a random experiment.

Discrete versus Continuous random variable: a
random variable x is discrete if it can assume a
finite or countably infinite number of values. x is
continuous if it can assume all values in an
interval.




Example

- Which of the following random variables are discrete
and which are continuous ?
= x = Number of houses sold by real estate developer per
week?
= x = Number of heads in ten tosses of a coin?
= x = Weight of a child at birth?
= x = Time required to run100 yards?

ECSE-6610 Pattern Recognition Lecture 2 January 28, 2018



Examples

X is the Sum of Two Dice. What is the probability of X?
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Probability Distribution Example: X is the Sum
of Two Dice

red 1 2 3 4 5 6
green

e b W e e

This sequence provides an example of a discrete random variable.
Suppose that you have a red die which, when thrown, takes the
numbers from 1 to 6 with equal probability.
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Probability Distribution Example: X is the Sum
of Two Dice

red 1 2 3 4 5 6
green

e b W e e

Suppose that you also have a green die that can take the numbers
from 1 to 6 with equal probability.
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Probability Distribution Example: X is the Sum
of Two Dice

red 1 2 3 4 5 6
green

e b W e e

We will define a random variable X as the sum of the numbers when
the dice are thrown.
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Probability Distribution Example: X is the Sum
of Two Dice

red 1 2 3 B 5 6
green

1

2

3

4

S

6 10

For example, if the red die is 4 and the green one is 6, X is equal to
10.
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Probability Distribution Example: X is the Sum
of Two Dice

red 1 2| 3 4 5 6
green
1
2
3
4
BE 7
6

Similarly, if the red die is 2 and the green one is 5, X is equal to 7.
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Probability Distribution Example: X is the Sum
of Two Dice

red 1 2 3 + 5 6
green
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

The table shows all the possible outcomes.
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Probability Distribution Example: X is the Sum
of Two Dice

red |1 3 3 4 5 6 il
green 2
3
1 2 3 4 5 6 1 4
2 3 4 5 6 7 8 2
3 4 5 6 7 8 9 ;
4 5 6 7 8 9 10 9
s 6 7 8 9 10 1 11‘1‘
6 7 8 9 10 11 12 12

We will now define f, the frequencies associated with the possible
values of X.

ECSE-6610 Pattern Recognition Lecture 2 January 28, 2018



Probability Distribution Example: X is the Sum
of Two Dice

ed |1 3 3 4 § $ I
green 2
3
1 2 3 4 |[5]| 6 7 4
5 4
2 3 4 5 6 7 8 6
3 4 B 6 7 8 9 ;
4 Bl ¢ 7 8 9 10 9
5 6 7 8 9 10 11 11‘1‘
6 T 8 9 10 11 12 12

For example, there are four outcomes which make X equal to 5.
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Probability Distribution Example: X is the Sum
of Two Dice

red |1 2 3 4 5 6 S
gl'EE]l 2 1
3 3

1 s 9 4 B & 9 4 3
5 4

2 3 4 5 6 7 8 6 5
3 4 & ¥ T £ D 7 6
8 5

4 s 6 7 8 9 10 9 4
5 6 7 8 9 10 1 10 3
n 2

6 7 8 9 10 11 12 12 1

Similarly you can work out the frequencies for all the other values of
X.
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Probability Distribution Example: X is the Sum
of Two Dice

wd |2 B 85 4 5 & X .
green 2 1
3 2
1 ¥ 3 4 85 & 9 4 3
5 4
2 3 4 5 6 7 8 6 5
3 a 5 § 7T 8§ 9 7 6
8 5
4 5 6 7 8 9 10 9 4
5 6 7 8 9 10 11 10 3
1 2
6 7 8 9 10 11 12 12 1

Finally we will derive the probability of obtaining each value of X.
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Probability Distribution Example: X is the Sum
of Two Dice

wd |3 B3 3 4 5 6 X .
green 2 1
3 2
1 ¥ 3 4 85 & 9 4 3
5 4
2 3 4 5 6 7 8 6 5
3 a 5 § 7T 8§ 9 7 6
8 5
4 5 6 7 8 9 10 9 4
5 6 7 8 9 10 11 10 3
1m 2
6 7 8 9 10 11 12 12 1

If there is 1/6 probability of obtaining each number on the red die,
and the same on the green die, each outcome in the table will occur
with 1/36 probability.
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Probability Distribution Example: X is the Sum
of Two Dice

red | 1 2 3 4 5 6 X f p
green 2 1 DiBe
3 2 2/36

1 ¥ 9 4 B & 9 4 3 | 336
5 4  4/36

2 J 4 5 &» 4§ B ¢ s BB
3 4 8§ 6 7T 8 B 7 6 | 6/36
8 5 5/36

4 € & 7 8 9 10 9O 4 436
3 6 7 8 9 10 1 10 3 3/36
11 2 236

Hence to obtain the probabilities associated with the different values
of X, we divide the frequencies by 36.
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Probability Distribution Example: X is the Sum
of Two Dice

probability

2 3 4 5 6 7 8 910 11 12 X

The distribution is shown graphically. in this example it is
symmetrical, highest for X equal to 7 and declining on either side.
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Expected Value

- Definition of E(X), the expected value of X:

E(X) :x]pl +”‘+xnpn = Z'xf’pi
i=l

- The expected value of a random variable, also known
as its population mean, is the weighted average of its
possible values, the weights being the probabilities
attached to the values




Expected Value Example

Xj Pi XiDj Xi Pi
X1 P X1 P1 2 1/36
X, P Xy P> 3 2/36
X3 P3 X3P3 4 3/36
Xy Py X4 Py 5 4/36
X5 Ps X5P5 6 5/36
Xe Ps  X6Ps 7 6/36
X7 P X9Pn 8 5/36
Xg Pg XgPg 9 4/36
Xg Py XgPy 10 3/36
X0 P *10Po 11 2/36
Xn  Pu *ulPu 12 1/36
Zx;p; = E(X)
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XiDi
2/36
6/36

12/36

20/36

30/36

42/36

40/36

36/36

30/36

22/36

12/36

252/36 =17



Expected Value Properties

« Linear
E(X+ Y) = E(X) + E(Y)
E(bX) = bE(X)
E(b) =b

Y  =b,+byX

E(Y) =E(b, +b,X)
= E(by) + E(byX)
= b, + b, E(X)

» Also denoted by M
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Variance

Var(X) = E[(X- p)¢] = D (x,-#)’P(X =x,)

Var(X) = 02

Var(X) = E[(X- n)3 = E[X?] - (E[X])?
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Pairs of Discrete Random Variables

- Let x and y be two discrete r.v.

* For each possible pair of values, we can define a
joint probability P(x, y)
* We can also define a joint probability mass function

P(x,y ) which offers a complete characterization of
the pair of

P.(x)=) P(x,y)

yeY Marginal distributions

P(y)=) P(x,y)

xelX
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Statistical Independence

« Two random variables x and y are said to be
independent, if and only if

P(x,y)=P,(x) P(y)

that is, when knowing the value of x does not give us
additional information for the value of y.

« Or, equivalently
E[f(x)g(y)] = E[f(x)] E[g(y)]

for any functions f(x) and g(y).
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Conditional Probability

- When two r.v. are not independent, knowing one
allows better estimate of the other (e.g. outside
temperature, season)

Prix=x;,y=Yy;l

Brix=x; |y =y;]l=
’ Prly =y;]
- If independent P(x|y)=P(x)
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Sum and Product Rules

- Example:

= We have two boxes: one red and one blue
= Red box: 2 apples and 6 oranges
= Blue box: 3 apples and 1 orange

[C.M. Bishop, “Pattern Recognition
and Machine Learning”, 2006]
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Sum and Product Rules

d Define:
= B random variable for box picked (r or b)
= F identity of fruit (a or o)

d p(B=r)=4/10 and p(B=b)=6/10

= Events are mutually exclusive and include all possible
outcomes —) their probabilities must sum to 1.
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Sum and Product Rules

,_f;
Marginal Probability
Yj Nij } T (X =a3) = %
T;
Joint Probability Conditional Probability
p(X=$i,Y=yj)=% P(Y=yj|X=fﬂi)=nc—?
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Sum and Product Rules

Cq
" : Sum Rule
C; 1 &
Y LY }Tj N N =1
L
- ZP(X =i, Y = yj)
Z; J=1

Product Rule

(X =8, Y =yj) =

ECSE-6610 Pattern Recognition Lecture 2 January 28, 2018



Sum and Product Rules

Sum Rule

Product Rule

p(X) =) p(X,Y)

b 1]

p(X,Y) = p(Y|X)p(X)

ECSE-6610 Pattern Recognition

Lecture 2

January 28, 2018




Law of Total Probability

« If an event A can occur in m different ways and if
these m different ways are mutually exclusive,
then the probability of A occurring is the sum of
the probabilities of the sub—events

P(X=x;-)=ZP(X=xf | =g T =)

January 28, 2018
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Sum and Product Rules

- Back to the fruit baskets

— p(B=r)=4/10 and p(B=b)=6/10

—p(B=r) + p( B=b) =1

- Conditional probabilities

—-p(F=a|B=r)=1/4

—p(F o|B=r)=3/4
—p(F=a|B=Db)=3/4

—p(F o|B=Db)=1/4
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Sum and Product Rules

« Note:

p(F=a|B=r)+p(F=0|B=r)=1

p(F=a)=p(F=a | B =r) p(B=r) + p(F=a | B = b)p(B=b)
=1/4 *4/10+ 3/4 *6/10=11/20

- Sum rule: p(F=0) = ?
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Conditional Probability Example

- A jar contains black and white marbles.
 Two marbles are chosen without replacement.
* The probability of selecting a black marble and then a
white marble is 0.34.

« The probability of selecting a black marble on the first
draw is 0.47.

- What is the probability of selecting a white marble
on the second draw, given that the first marble

drawn was black ?

P(B)

; P@A)
P(Black AWhite) 0.34 _072

P(Black) 047 T

P(White | Black) =

Ais black in first draw, B is white in second draw P(Aand B)




Law of Total Probability

P.(x)=) P(x,)

yeY

P(x|y)=L f("j)’)
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Bayes Rule

P(x,y) _ P(y|x)P(x)

P(x|y) = =
P(y) D P(x,y)
xeX
: likelthood * prior
posterior = .
evidence

= X is the unknown cause
= y is the observed evidence

= Bayes rule shows how probability of x changes
after we have observed y
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Bayes Rule on the Fruit Example

- Suppose we have selected an orange. Which box
did it come from ?

3 4
T o r— _x_
p(B:if‘lF:O):p(F_O|B_r)p(B_r):4 1022
p(F =0) 2 3
20
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Continuous Random Variables

- Examples: room temperature, time to run100m, weight
of child at birth...

- Cannot talk about probability of that x has a particular

value
- Instead, probability that x falls in an interval =
probability density function

Pr[x € (a,b)] = | p(x)dx

p(x)=0and Tp(x)dx =1
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Expected Value

Elx]= u= [ xp(x)dx

ELf ()= | f(x)p(x)dx

Var[x]= o = ].D(x — 10)* p(x)dx

—c0

+ Bayes rule p(x|y)=_ 20100
[ P 2)p(x)x

likelithood * prior

posterior = :
evidence
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Normal (Gaussian) Distribution

« Central Limit Theorem: under various conditions,
the distribution of the sum of d independent
random variables approaches a limiting form
known as the normal distribution

| e
p(x)=mge 20" =N(u,0")

00 21 02 03 0
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Normal (Gaussian) Distribution

S
e
-
=
-
=
=
-

i=00=02 —
02r p=0,62=10 —

p=0,02=50 —
08 F p=-2,6"=05 — A
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Uniform Distribution

g

% for a<=x<=b
_— —-a
p(x)=
0 forx<aorx>b
g . ’
. 5
a b
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Outline

« Probability Theory Review
e Linear Algebra Review

e Summary
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Linear Algebra

Scalar Vector Matrix

i [2-8 7] 6 4 24
row 1 -9 8
column :: row(s) x column(s)

27

N

1d-tensor 2d-tensor 3d-tensor

4d-tensor 5d-tensor 6d-tensor
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Vector space

- |Informal definition:

- V£ (a non-empty set of vectors)
—vVv,WelV = v+we/l (cosedunder addition)

—N & V, Ol is scalar => OV € V (closed under multiplication by
scalar)

« Formal definition includes axioms about associativity and
distributivity of the + and e operators.

- 0 €V Always!
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Example: Linear subspace of R’ and R’

y i z
/ lo X y
Line Plane
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Linear independence

- The vectors {Vl, ¥y s Vk} are a linearly independent
set if:

G!IVI . asz 3 L aka — 0 o a_,: — 0 ‘7/1

« It means that none of the vectors can be obtained as
a linear combination of the others.
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Example

- Parallel vectors are always dependent:

/,/: V=24w = v+(24w=0

w

- Orthogonal vectors are always linearly independent:

ECSE-6610 Pattern Recognition Lecture 2 January 28, 2018



Basis of Vector

{V|, V,, ..., V,} are linearly independent.

{V|, V,, ..., V,} span the whole vector space V:
= {a}vl T @e¥Wy T T a,v, | o, scaiars}

« Any vector in Vis a unique linear combination of the
basis.

- The number of basis vectors is called the dimension
of V.
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Example

Note that a matrix can be interpreted as a vector.




Matrix representation

Let {V{, V5, ..., V,,} be a basis of V.

Every vel has a unique representation.
V=GN T &% T oo T QN

Denote v by the column-vector:

« The basis vectors are therefore denoted:
(1'\ (0\ fo‘\
0 1 0
'xﬂ) k[}) klj

Lecture 2 January 28, 2018



Linear Operation

« A :V — W is called linear operator if:

A(v + w) =A(v) + A(w)
A(av) = a A(v)

- In particular, A(0) =0
 Linear operators we know:
— Scaling
— Rotation, reflection
— Translation is not linear — moves the origin
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Example: Rotation is a linear operator

R(v+w) ¢ A
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Example: Rotation is a linear operator

R(v+w) ¢

L J

R(v+w) = R(v) + R(w)

L J

ECSE-6610 Pattern Recognition
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Matrix operations

- Addition, subtraction, scalar multiplication — simple...
« Multiplication of matrix by column vector:

'3 \
a.b
a, Vbl\ Z )

/
a,

\ G " D) \bn J Zam;‘bf
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Matrix by vector multiplication

- Sometimes a better way to look at it:
—ADb is a linear combination of A’s columns

T VBN () (T { )
a, a, -~ a | : =8B a +B a, [+.. 10 a,
\ 1 'm U \a \ !
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How to Understand Matrix Product

a11T1 + Q1222 = Yy bi1t1 + biots = 21
2121 + Q22 = Yo ba1t1 + boots = o

a1 G12 1\ _ (W (bu 612) (tl) _ (:cl)
as1 499 M) N Yo b21 ba2 t2 o
(o o) (o o)) = (32)
as1 a2 J \ D21 b2z J|\ L2 Y

ai1(biits + biata) + a1z (barty + basta) = y,
a21(611t1 —+ bl2t2) + a22 (b21t1 + 622t2) = 1

S

(@11b11 + @12b21 )t1 + (a11b12 + G12b22)t2 =
(@21b11 + @2aba1 )ty + (a21b12 + aabas)te =

(Gubn + ainba1 a11biz + 612522) (tl) — (?h)
a21011 + a2aba;  a21612 + azzboy )\ o Yo
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Transposition: make the rows to be the
columns

(AB)T = BTAT
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Matrix properties

Matrix 4 (x» is non—-singular if 3B, AB =BA =1

- B=4A4"is called the inverse of A.

A is non-singular{=> det A # 0

If A is non—singular then the equation 4x=b has one
unique solution for each b.

A is non-singular <=> the rows of A are linearly
independent (and so are the columns)
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Orthogonal matrices

. Matrix A @« is orthogonal if 47" = 4".
- Follows: 44" =A'4=1

- The rows of A are orthonormal vectors!
« Proof:

I=A"4 =
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The Trace

- The trace of a square matrix denoted by tr(A) is the
sum of the diagonal elements

n
t]‘(fl} = Zﬂ-ﬁ_ =day) +age + -+ ay,
i=1

- Some properties

Tr(A + B) =Tr(A) + Tr(B)
Tr(E) =n (trace of identity matrix)
Tr(O) =0 (trace of zero matrix)
Tr(ABC) =Tr(CAB) = Tr(BCA)
Tr(cA) = cTr(A) ceC
)
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Example

al a9 ais —1 0 3
A = as azp A3 — 11 8 2
asy asz ass 6 12 -5

3
tl‘(A) = Zaﬁ —=ay1 +ax» +az3 = —-14+5+ (—5) = ],

1=1

ECSE-6610 Pattern Recognition Lecture 2 January 28, 2018 @




The Determinant

m.) A multiple of one row of "A" is added to another row to produce a matrix, "B", then: |A| = |B|\
(2.) If two rows are interchanged to produce a matrix, "B", then: \B| = |A| .
(3.) If one row is multiplied by "k" to produce a matrix, "B", then: |B| — k- |A| ,

(4.) If "A" and "B" are both n x n matrices then: |[A-B| = |A|-|B|.

5 |aT| = [al. W,

1 5 -6 1 5 6 1 0 0
Al =||-1 4 4] =lo1 2l=]|]lo1r o=@ 1] =3
-2 -7 9 0O 0 3 0O 03
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The Determinant

- For a square matrix A, the determinant is denoted
by |A| or det(A)

|A| = Z(—l)”j(z.?;j[A\i,\ﬂ (for any j € 1...., n)
i=1

= Z(—l)iﬂai‘,jlﬂ\@?\ﬂ (for any i € 1,...,n)
j=1

lan]] = an flAl = |AT| )

@y g
e = Q11022 — @12a2] |AB| = |A| |B|

21 Q22
G e i ] |A| = 0, if and only if A is singular
pea g ); . _ (11022033 + (12023031 + 113021032 Else, |A-| = 1/]A|
21 @22 (23 = = ) =

—(11A23032 — U120 (33 — Q130U

ey 112332 12021033 13022031 K j
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The Determlnant For proof, see https://math.stackexchange.com/questions/427528/why-

determinant-is-volume-of-parallelepiped-in-any-dimensions

(a+c,b+d)
FiHs F1+r2+r3

(0,0)

5
N
a,
~u
S,
-
b
-
Y
~a
R
»
b
b
-

The area of the parallelogram is the =
absolute value of the determinant of
the matrix formed by the vectors
representing the parallelogram's sides.

The volume of this parallelepiped is the absolute =
value of the determinant of the matrix formed by the

rows constructed from the vectors r1, r2, and r3.

a b ¢
a b‘:ad—bc d e f:a;;, f,—b|d j,c-l-c‘d 2
c d g h 1 t g 1 g

= a(ei — fh) — b(di — fg) + c(dh — eg)
= aet + bfg+ cdh — ceg — bdi — afh.
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Covariance

- Covariance is a numerical measure that shows how
much two random variables change together

Ojk = E [(}/U — HJ)(YHL X FMJ)]

- Positive covariance: if one increases, the other is
likely to increase

- Negative covariance: ...

- More precisely: the covariance is a measure of the
linear dependence between the two variables
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Covariance Matrix

- For a vector of repeated measures, we define the
covariance matrix:

Yt Var(Y;;)  Cov(Yiy,Yia) -+ Cov(Yi,Yin)
Cov Kz - C“V(}?‘-?v Yi1) Vﬂ-l'(.Y;tz) . CUV{Y':-‘& Yin)
}f?'.?'r. (}D\!(lfiﬂ.a Kl) Cov(}”;u’ }/1'.2) ey VELI‘(Y,-,,,}
1':.‘,-:12 012 "+ Oin
s 021 J% *rr O2n
On1 Opz2 **° Ui

where Cov (Y3, Yix) = oji. = orj = Cov(Yir, Yij).

 Itis a symmetric, square matrix.
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Normal Distribution
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Multivariate Normal Distribution

- The multivariate normal density in d dimensions is:

P(x)= 12
(27 )""*|X

where:
X = (Xq, X2, -y Xg)!

1= (pq, o, - Hg)t mean vector
Y = dxd covariance matrix

¥| and X! are the determinant and inverse respectivel
P y

1/2 exp[—;(x _ﬂ)tz'_f(-x _ﬂ):|

ECSE-6610 Pattern Recognition C. Long
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Multivariate Normal Distribution

AN == =4
g - u=[o,0] ﬁ-: u=[0,0]
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Multivariate Normal Distribution
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Eigenvalues and Eigenvectors

« For an n xn square matrix A, e is an eigenvector with
eigenvalue \ if

Ae =\e

Or

(A=A 1)e=0
- If (A— A1) is invertible, the only solution is e=0 (trivial)
- For non-trivial solutions: det(A—\ 1)=0
- Above equation is called the “characteristic polynomial
- Solutions are not unique

— If e is an eigenvector « e is also an eigenvector

7




Example: a 2x2 matrix

a, — A

det[A — AI]=
a,

a
a,, 1_2_ /1‘: (all - ’1)(“22 = i)_alzaﬂ =0

2
0=a,a,,—a,a, - ﬂ’(all T azz)"' A

_ 2
0=a,a,—a,a, - (au Tdy )ﬂ +4

_ 0=1-4-22-(1+4)A+ 2
L 2 =7
Az[ J (1+4)/1@/’L

|A=0fand A=>5

i oaxeo L5 1o JBFE D)

x=2, y=-1
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Example: a 2x2 matrix

a, — A

det[A — AI]=
a,

a
a,, 1_2_ /1‘: (all - ’1)(“22 = i)_alzaﬂ =0

2
0=a,a,,—a,a, - ﬂ’(all + azz)"' A

_ 2
0=a,a,—a,a, - (au Tdy )ﬂ +4

0=1-4-2.2-(1+4)A+ 7

I 3 _p
" =L J (1+4)/1@ p;
2=0 and[r=5

Ax=x, (A-A)x=0 [B ﬂ_[g gﬂ

o3 B NP
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Properties

The product of the eigenvalues = |A]
The sum of the eigenvalues = trace(A)

A symmetric matrix has real eigenvalues.
A real symmetric matrix can be written as:
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