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Recap Previous Lecture

mml ~

Normalize Compute SIFT
patch descriptor
Collection of visual words [Lowe'99)

Vector quantize descriptors from a set of training
images using k-means

Image representation: a normalized histogram of visual words.
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Unsupervised Learning

« In unsupervised learning, where we are only given
samples xi,..., xa without class labels

- Last lecture: nonparametric approach (clustering)
- Today, parametric approach
- assume parametric distribution of data

- estimate parameters of this distribution
- much “harder” than the supervised learning case




Parametric Unsupervised Learning

- Assume the data was generated by a model with
known shape but unknown parameters

®e
P(x /6) :’>..... -

- Advantages of having a model

- Gives a meaningful way to cluster data

adjust the parameters of the model to maximize the probability
that the model produced the observed data

- Can sensibly measure if a clustering is good
compute the likelihood of data induced by clustering

- Can compare 2 clustering algorithms
which one gives the higher likelihood of the observed data ?




Parametric Supervised Learning

« Let us recall supervised parametric learning

have m classes

have samples xi1,..., xn each of class 1, 2,..., m
suppose Di holds samples from class |
probability distribution for class i is pi(x| 0 i)

p4(x|6;) P2(X|6,)
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Parametric Supervised Learning

- Use the ML method to estimate parameters 0 i
- find 61 which maximizes the likelihood function F( 6 i)
- or, equivalently, find 6i which maximizes the log likelihood

I( 0i)
P(D_, /61)= Hp(x/6;)= F(ej)
xeD;

1(9,)=Inp(D, 1 6;) = Zlnp(’('of)

xeD;

o _m.m
® o n
o Eaa
o ]
6, = argmax(in p(D, | 8,)] 8, = argmax(in p(D, | 6,)]
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Parametric Supervised Learning

- now the distributions are fully specified
 can classify unknown sample using MAP classifier
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Parametric Unsupervised Learning

« In unsupervised learning, no one tells us the true
classes for samples. We still know
- have m classes
- have samples xi,..., Xn each of unknown class
- probability distribution for class i is pi(x| 0 i)

- Can we determine the classes and parameters
simultaneously ?
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Mixture Density Model

« Model data with density model.

component densities
p(x16)=> plx|c,8,)P(c,)
j=1
where 6=1{6,,...,6, }
P(c,)+ P(c,)+...+ P(c,,)=1

mixing parameters

- To generate a sample from distribution p(x|0)
- first select j with probability p(c;j)
- then generate x according to probability law p(x|cj, 6;)
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Example: Gaussian Mixture Density

- Mixture of 3 Gaussians

10;

-10¢

p(x)=0.2p,(x)+0.3p,(x)+0.5p,(x)
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Mixture Density

px16)=3 plx|¢c,6,)Plc,)
j=1

P(c,),..., P(c,,) can be known or unknown
Suppose we know how to estimate 6,,..., 6,, and
P(c,),..., P(c,,)

Can “break apart” mixture p(x|6 ) for classification

To classify sample x, use MAP estimation, that is
choose class | which maximizes

P(c; | x,6,) °<P(X/C,,9)P( /)

J

probability of component i probab.'hty of
to generate x component i




ML Estimation for Mixture Density

p(x16,0)=3 plx|c,.6,)Plc,) = S plx1c,.6,)p,

j=1 J=

Can use Maximum Likelihood estimation for a mixture
density; need to estimate

0., O
pi‘: P(C-_;),..., pm= P(cm)n andp: {p'h"'n pm}

As in the supervised case, form the logarithm likelihood
function

1(6,p)=Inp(D|6,p)= Zlnpxklﬁp) Z'"{ip(xlcn 6,)p }

k=1 j=1




ML Estimation for Mixture Density

16,p)= kiln[i plx|c,6, )p;}

=1 j=1

- need to maximize [/(6,p) with respectto 0 and p

- As you may have guessed, /(8,)is not the easiest
function to maximize
If we take partial derivatives with respect to 0, p and set

them to 0, typically we have a “coupled” nonlinear system
of equation

usually closed form solution cannot be found
«  We could use the gradient ascent method in general, it

IS not the greatest method to use, should only be used
as last resort

- There is a better algorithm, called Expectation
Maximization (EM).




- Before EM, let’s look at the mixture density again
p(x16,0)=> plx|c,.6,)p,
j=1

- Suppose we know how to estimate 6 and p
Estimating the class of x is easy with MAP, maximize

p(x | cilgi)P(ci)= p(x|c;,6,)p;

- Suppose we know the class of samples xi,..., Xn
This is just the supervised learning case, so estimating 6 and p is
easy .

«~_=|D;-|
' n

6. = argmax|in p(D, | 8,)]
&;

- This is an example of chicken-and-egg problem

- EM algorithm approaches this problem by adding “hidden”
variables
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What Model Should We Use?

« Depends on X!
- Here, maybe Gaussian Naive

Bayes?
— Multinomial over clusters Y 22 05 41
— (Independent) Gaussian for each
Xi given'Y 2?7 00 30
7?7 -01 -20
p(Yi = yr) = Oy
, 22 02 15
—(z—p;g)
1 EQUFT
PX;=z|Y=y4)= e ik
0KV 21
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Could we make fewer assumptions?

- What if the Xi co-vary?
- What if there are multiple peaks?

« Gaussian Mixture Models! ol
«  —P(Y) still multinomial 60}
- —P(X]Y) is a multivariate Gaussian =
distribution: o
P(X =x;|Y =i)= 1 exp -1(;.;._#.)? zfl(x._#.)]
2a)" I Z, I s L
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Multivariate Gaussians

1 1 T .
P(X=x_)= (2.?1')"”2 "2 ”L"Z EXP[_E( J —‘U) 2 l(xj —‘U)
.’.172‘
I‘xl

2 « identity matrix
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Multivariate Gaussians

1 1 F e
P(X=x)= (ZayCIE I eXp[_E( i_‘”) Z l(xf_‘”')
:172‘
o1

2 = diagonal matrix
X; are independent ala Gaussian NB
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Multivariate Gaussians

z, Eigenvalue, A, of X

A us
\/ 10§

Y2 Covariance matrix, 2, =
b degree to which x; vary
together
A%
A
T
P(X=x,)= (zﬂ)m;" (x, - = (x, - )]
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Mixtures of Gaussians (1)

Old Faithful Data Set

Single Gaussian Mixture of two Gaussians
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Mixtures of Gaussians (2)

« Combine simple models into a complex model:

X p(z)y
p(x) =D meN (x| T)

k=1
Component

Mixing coefficient

K
Vk :mp =20 =1
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Mixtures of Gaussians (3)
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Eliminating Hard Assignments to Clusters

- Model data as mixture of multivariate Gaussians
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Eliminating Hard Assignments to Clusters

- Model data as mixture of multivariate Gaussians

057

0 0.5 1
Shown is the posterior probability that a point was generated from i-th
Gaussian: Pr(Y =i | x)
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The General GMM Assumption

e P(Y): There are k components

e P(X]Y): Each component generates data from a multivariate
Gaussian with mean p;and covariance matrix 2;

Each data point is sampled from a generative process:
1. Choose component i with probability P(y=i)
2. Generate datapoint ~ N(m, %)

Gaussian mixture model ,uz

(GMM) o
< gt
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Multivariate Gaussians

1 1 ]
T j=p) T (x,-u)

P(X =xj) =

1172‘

i
- 1

2 = arbitrary (semidefinite) matrix:
- specifies rotation (change of basis)
- eigenvalues specify relative elongation
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ML Estimation in Supervised Setting

- Univariate Gaussian

1 N
HMLE — in Lq J%{LE = EE (mg—ﬁ)z
1= :

- Mixture of Multivariate Gaussians
« ML estimate for each of the Multivariate Gaussians is

given by:
1 & n
My 2t B B ), -

j=1

\ /

Just sums over x generated from the k’th Gaussian
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That was easy! But what if unobserved data?

- MLE:
— argmaxg Hj P(Vj,)(j) "
— 0: all model parameters
* eg, class probs, means, and i 1

variances

N Ay L[
o T L iR

- But we don’t know !!!
- Maximize marginal likelihood

0 T

.,.
|

— argmaxg | [; P(x;) = argmax ] ], Dkt P(Y;=k, x;)
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How Do We Optimize? Closed Form?

- Maximize marginal likelihood:
— argmaxg [, P(x;) = argmax [, 3, P(Y=k, x))

« Almost always a hard problem!

- — Usually no closed-form
solution s

- —Even when IgP(X,Y) is convex,
IgP(X) generally isn't...

- — For all but the simplest P(X),
we will have to do gradient

ascent, in a big messy space
with lots of local optimum...

o W R
0,4 o
4
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Learning General Mixtures of Gaussian

1 | r.
P(y=klx;) x Q)" 1z, I P -E(Xj -Mk) 2 (x;' _luk) P(y =k)
k
* Marginal likelihood:
i m K
[[Pxp=T]>Pex,y=h
j=l j=1 k=1
m_ K 1 1 T -
=1:_k l(zﬂ)mm IS, TE EXp _E( j_ﬂk) 2, (Xj _.\uk) P(y =k)
el E

* Need to differentiate and solve for y,, 7,, and P(Y=k) for k=1..K

* There will be no closed form solution, gradient is complex, lots of
local optimum

* Wouldn’t it be nice if there was a better way!?!
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Expectation Maximization Algorithm

- EM is an algorithm for ML parameter estimation when the
data has missing values. It is used when

1. data is incomplete (has missing values)

some features are missing for some samples due to data corruption,
partial survey responces, etc.

This scenario is very useful

2. Suppose data X is complete, but p(X| 6 ) is hard to optimize.
Suppose further that introducing certain hidden variables U

whose values are missing, and suppose it is easier to optimize
the “complete” likelihood function p(X,U| 8 ). Then EM is useful.

This scenario is useful for the mixture density estimation, and is subject of
our lecture today

-+ Notice that after we introduce artificial (hidden) variables U
with missing values, case 2 is completely equivalent to
case 1




EM: Hidden Variables for Mixture Density

p(x|e)=§p(x c,,0,)p,

- For simplicity, assume component densities are

(X-ﬁj)z]

p(x|c ,9)=Lexp -
PEIT a\2x 207

assume for now that the variance is
F 3

known
need to estimate 6 = {ul,..., um} _/\ : >

= 2 22 =

- If we knew which sample came from which component
(that is the class label), the ML parameter estimation is

easy
- Thus to get an easier problem, introduce hidden variables

which indicate which component each sample belongs to




EM: Hidden Variables for Mixture Density

For 1£i < n, 1< k <m, define hidden variables

« _ [1 1t sample i was generated by component k
i 710 otherwise

X, — {x,.,z}‘),...,zﬁ’")}

z{k) are indicator random variables, they indicate which
Gaussian component generated sample X

Let z;= {z{1),..., z{m)} indicator r.v. corresponding to sample
Xi

Conditioned on zi , distribution of xi is Gaussian
p(xi | Z,-,ﬂ) = N(ﬂk:o—zJ

where kis s.t. z®K= 1




EM: Joint Likelihood

Let z;={z(",..., z{™},and Z={z,,..., Z,)}
The complete likelihood is
p(X!z | 9) = p(X"...,Xn,Z”...,Zn I 9) — Hp(xiizi | 9)

i=1
_H p |Z”6 )

l J
Y \{

gaussian part Ofpc

If we actually observed Z, the log likelihood In[p(X,Z| 6 )]
would be trivial to maximize with respect to 6 and p;

The problem, of course, is that the values of Z are missing,
since we made it up (that is Z is hidden)




EM Derivation

- Instead of maximizing In[p(X,Z| 6 )] the idea behind EM is
to maximize some function of In[p(X,Z| 6 )], usually its
expected value

E,Inp(X,Z|0)]

If 8 makes In[p(X,Z|0)] large, then B tends to make E[In p(X,Z|0)]
large
the expectation is with respect to the missing data Z

that is with respect to density p(Z |X,0)

- however 6 is our ultimate goal, we don’t know 6 !




EM Algorithm

- EM solution is to iterate

1. start with initial parameters 6©
iterate the following 2 step until convergence

E. compute the expectation of log likelihood
with respect to current estimate 8% and X.
Let’s call it Q(&|60)

Ql616")=E,[Inp(x,2]6)| X,6"]
M. maximize Q(8|6)

6" = argmaxQlg | ")
e
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EM Algorithm: Picture

In p(g( 1 8)

® -

optimal value for 6 6
wed like to find it but
optimizing p(X|6) is
very difficult
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EM Algorithm: Picture
Inp(X,Z|6) This curve
A corresponds to the
correct Z, we should
optimize for but Z is

unobserved Z not observed
corresponding
to observed
data X - e

.

for mixture estimation,

there are m" curves, each
curve corresponds to a
particular assignment of
samples to classes
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EM Algorithm: Picture

In p({,Z |16) N\E:[Inp(X,Z16)| X,6")
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EM Algorithm

It can be proven that EM algorithm converges to the
local maximum of the log-likelihood

Inp(X | 6)

- Why is it better than gradient ascent?

Convergence of EM is usually significantly faster, in the
beginning, very large steps are made (that is likelihood
function increases rapidly), as opposed to gradient ascent
which usually takes tiny steps

gradient descent is not guaranteed to converge
recall all the difficulties of choosing the appropriate
learning rate




EM for Mixture of Gaussians: E step

- Let's come back to our example p(x|6)= EP(XIC,,ﬂf)P,

plx|c,8, )- exp[ ("‘2_;?)2}

need to estimate 8= {u,,..., &} and p,,..., p,,

- For1<i<n, 1=k £m, we define

S _ [1 if sample i was generated by component k
! 0 otherwise

- As before, z;={z{V,..., z{m}and Z = {z,,..., Z,}
- We need log-likelihood of observed X and hidden Z

i=1

Inp(X,Z|8)= Inﬁ p(x,,z 18) = iln p(x; | z,,0)P(z,)
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EM for Mixture of Gaussians: E step

- We need log-likelihood of observed X and hidden Z
Inp(X,Z|8)= Inﬁ p(x,,z,168) =Y Inp(x, | z,6)P(z)
i=1

i=1

- First let's rewrite p(x;|z,,8)P(z,)

(plx, 12" =1,0)P(2"=1) if 2" =1
p(xi |z;':9)P(Z,-)== . .

plx, /2™ =1 , 8)P(z™ =1) if z}’:") =1

[plx, 1 2% =1, )P(z = 1)}
[ 1 exp[— (xi-luk)sz(z}k)=1)i|z'

o 207

|
T

k)

—.
]

=
]

1




EM for Mixture of Gaussians: E step

 log-likelihood of observed X and hidden Z is

Inp(X,Z16)=>Inp(x, | z,6)P(z,)

] g'"n[ exp - 5 )" (- 1)]4”

i=1 k=1

=¥ YIn - \/—EXp(_ (X;—;:k)’)P(ZEk]=1)r“

i=1 k=1 20

n m

=ZZZ§"}|:In 1 —(x’_‘t:“)2+lnP(z,“"=1)}

i=1 k=1 o \/ﬁ 20 X Y !
P(sample x, from class k)= P(c, )= p,

n m _ 2
=Zzz§k}|:|na‘\;2;_(xf a‘:k) +|“Px:|

i=1 k=1 20
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EM for Mixture of Gaussians: E step

 log-likelihood of observed X and hidden Z is
n m 2
Inp(X,Z|9)=ZZz}”[In 1 (u-p) +Inpk}

i=1 k=1 O\2T - 20°

- For the E step, we must compute
alo16)=alo| ...y, p1",spl?) = E-lInp(X,210)1 X,6"]

2 1 ()’
—F (| _\Ay k In o
z[;;z’ [“aﬂ 2 tINp, D

20

ﬂ Ex[z.a,x, + b} = Za,E,,[x,]+ b

£ eln iUl o

o\ 27 20
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EM for Mixture of Gaussians: E step
ale16)= ifsz[zf“ [ln - 12;7 L) +Inka

1 k=1 20°

- need to compute EAz"] in the above expression

EZ ngk)]=0 - P(Z,Ek) =0| 6(t)5x')+1* P(zgk) =1| e(t)’x'_)

sbd plx, 169,z =1)P(z) =1| ")
=P(z¥ =116, x,) = o0 16°)
i i
. pﬁ"exp[—z( - u ) _ pﬁ"exp[— 5 a —(x, — )

3 P(x, 169,20 = 1)P(z) = 1] 6) zpwexp( 1 (x, ,u;})z)

j=

- We are finally done with the E step

- for implementation, just need to compute EAz{¥]s don'’t
need to compute Q




EM for Mixture of Gaussians: M step

ale|6Y)= ZZE [zf"’][ln . ("f_f‘f)z +Inpk]

I=1 k=1 20

- Need to maximize Q with respect to all parameters
« First differentiate with respect to 4

a ®Y _ errE (k) (x, - 1) _
5 0109) = SELFFESED <o

> now 1, =4 {3 ],

ni:

the mean for class k is weighted average of all samples,
and this weight is proportional to the current estimate of
probability that the sample belongs to class k
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EM for Mixture of Gaussians: M step

Q{HIQ{”) ZZE [z“‘]](ln ﬁ—(x"z;‘_‘;")zﬂnpk}

i=1 k=1

- For Pk we have to use Lagrange multipliers to preserve
constraint 30, =1

« Thus we need to differentiate

F(4,0)=al0]6")- z(i p, _1J

=

a n 1 n ~
B—F A,p)= Z Ez[z;{k]]_’1=0 :ZEZ[Z}H._AP# =0
P i-1 P f-—1

. Summlng up over all components ZZE |2 “‘}.-ZM

k=1 i=1 k=1

. Since ;;‘,E [2¥]=n and Zﬂk-1 , weget A=n
{r+1] ZE [ZEF:}]

n“




EM Algorithm

- The algorithm on this slide applies ONLY to univariate
gaussian case with known variances

1. Randomly initialize uy,..., 4m, P1s---, Pm (With
constraint Zp,;= 1)

iterate until no change in yy,..., s P1s---> Pm

E. for all 1, k, compute

p exp(—i(x - u )2)
k 2 i k
Ez [ZEH]= 20

gp; exr{— 1 (x, —#,—)’]

20
M. for all k, do parameter update

ZE [Z{k ] P = %gEz[z:(k)]

1—1




EM Algorithm

- For the more general case of multivariate
- Gaussians with unknown means and variances

E step: E,[2]= LcPXIHoZ)

gpjp(x Iaujizj)
where p(x/u.2.)= (2;:)‘”:‘2;1”2 exp[— %(X_Ju'k )rz.;j(x_ﬂk)]
M step:
1.0
Pk = _Z Ez[zgk)] -
o Z1Ez[z§k)](xi - i X, - )
3 E[24]x, “ 3 E, 2]

i=1 i=1

Hy =

 YE, 2]

i=1
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EM Algorithm and K-means

- k-means can be derived from EM algorithm
« Setting mixing parameters equal for all classes,

1 1
Pk exP(—F(xi — Hi )2J exp(— 252 (x; — 44, )2}

Ez[Z:{H]= m = i
;P; exp(— 2;_2 (x.f _ﬂj)z] ;exP(_ 252 (xi _ﬂj)zj
- Ifwelet o> =, then

1 ity || x;=p |1>1] x; = g; ||
(k)| _ i k i j
E; [z" ]_ {0 otherwise

so at the E step, for each current mean, we find all points closest
to it and form new clusters

- at the M step, we compute the new means inside current clusters

Hye = %IZ;:EZ[Z}”]X;




Properties of EM

- We will prove that

- — EM converges to a local minima

- — Each iteration improves the logZ likelihood
« How? (Same as k-means)

- — E-step can never decrease likelihood

- — M-step can never decrease likelihood
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Jensen’s Inequality

* Theorem: log Y, P(z) f(z) = D, P(z) log f(z)

— e.g., Binary case for convex function f:

Convex

f(tzy + (1= t)w) < tf(21) + (1) f(22).

¥

t1{x)) + (1 =) f (z2) | -

B

Sltxy + (1 = t)ra)
Concave

1 try + {1 = iy
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Applying Jensen’s Inequality

* Use: log ), P(z) f(z) 2 ), P(z) log f(z)

P(z,x; | )
Q(tH+1)(z | x;)

(0@ :D) = Y 1og ¥ QUAD(z | x,)
2 092

J

“ z,z; | 9®)
> Z ZQ(t+1)(z | z;) log (g(&ﬂm).?(l | mj)))

j=1 =z

=Y 3@z | 25)log (p(z,2; | 61)) = 33" QU2 | z;) log (QU+V(z | )

T

(00 D) > 33" QU (| x;) log Plax, | 00) + 3 H(QUH))
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The M-step

- Lower bound:

26® : D) > Y QUHV(z | x;)log P(z,x; | 0%) + ) _ H(QUH1)
5=

j=1 = Y

This term is a constant
with respect to ¢

- Maximization step

(t-l-l) — arg ma Z ZQ(H-D(Z | Xj) l0g P(Z,Xj | 9)
j=1 2

« We are optimizing a lower bound!
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EM Algorithm: Pictorial View

Given a set of Parameters and training data

Supervised learning
problem

Relearn the parameters
based on the new training
data

Class assignment is
probabilistic or
weighted (soft EM)

Class assignment is
hard (hard EM)

Estimate the class of each
training example using the
parameters yielding new
(weighted) training data

ECSE-6610 Pattern Recognition
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EM Pictorially

i
L(0n11)

JE('9*4'1-+1|l€"'rt)

L(gn) = Z(gnlﬁn)

L(9)
1(6]6,)

L()

[(6]6)

O,

9?1-1-1

(Figure from tutorial by Sean Borman)

ECSE-6610 Pattern Recognition

Lecture 22
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Gaussian Mixture Example: Start ——
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After first iteration
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After 2nd iteration
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After 3rd iteration
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After 4th iteration
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After 5th iteration
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After 6th iteration
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After 20th iteration
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EM Example

- Example from R. Gutierrez-Osuna
« Training set of 900 examples forming an annulus

- Mixture model with m = 30 Gaussian components of
unknown mean and variance is used

« Training:
 Initialization:
- means to 30 random examples

« covaraince matrices initialized to be diagonal, with large
variances on the diagonal (compared to the training data
variance)

« During EM training, components with small mixing coefficients
were trimmed

- This is a trick to get in a more compact model, with fewer
than 30 Gaussian components




EM Example

Iteration 50
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from R. Gutierrez-Osuna
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EM Texture Segmentation Example

Figure from “Color and Texture Based Image Segmentation
Using EM and lts Application to Content Based Image
Retrieval”’,S.J. Belongie et al., ICCV 1998
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EM Motion Segmentation Example

Three frames from the MPEG “flower garden” sequence

Figure from “Representing Images with layers,”, by J. Wang and
E.H. Adelson, IEEE Transactions on Image Processing, 1994.




Summary

- Advantages

- If the assumed data distribution is correct, the algorithm
works well

- Disadvantages
- If assumed data distribution is wrong, results can be quite
bad.

« In particular, bad results if use incorrect number of classes
(i.e. the number of mixture components)
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What You Should Know

« Mixture of Gaussians

- EM for mixture of Gaussians:
- — Coordinate ascent, just like k-means

- — How to “learn” maximum likelihood parameters (locally
max. like.) in the case of unlabeled data

- — Relation to k-means
- Hard / soft clustering
« Probabilistic model

« Remember, EM can get stuck in local minima,
- —And empirically it DOES
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