Lecture 3: Bayesian Decision
Theory

Dr. Chengjiang Long

Computer Vision Researcher at Kitware Inc.
Adjunct Professor at RPI.
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What's Beyesian Decision Theory?

A More General Theory

Discriminant Function and Decision Boundary

Multivariate Gaussian Density
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Bayesian Decision Theory

« Design classifiers to make decisions subject to
minimizing an expected "risk".
- The simplest risk is the classification error (i.e.,
assuming that misclassification costs are equal).

- When misclassification costs are not equal, the risk
can include the cost associated with different
misclassifications.

@ Class #0 Class #1

ECSE-6610 Pattern Recognition Lecture 3 January 28, 2018



Terminology

- State of nature w (class label):
- e.dg., o, for sea bass, w, for salmon

 Probabilities Pfw ;)and P(w ,) (priors ):

* e.g., prior knowledge of how likely is to get a sea
bass or a salmon

- Probability density function p(x) cevidence ):

- e.g., how frequently we will measure a pattern with
feature value x (e.g., x corresponds to lightness)




Terminology

- Conditional probability density p(x/w;) (likelihood) :

- e.g., how frequently we will measure a pattern with
feature value x given that the pattern belongs to

class o

p(x|mi)
04+

037}

; : ; : cex
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Figure 2.1: Hypothetical class-conditional probability density functions show the
probability density of measuring a particular feature value z given the pattern is
in category w;. If z represents the length of a fish, the two curves might describe
the difference in length of populations of two types of fish. Density functions are
normalized, and thus the area under each curve is 1.0.
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Terminology

- Conditional probability P¢w; /) (posterior) :
- e.dg., the probability that the fish belongs to
class w; given feature x.

- Ultimately, we are interested in computing P(w; /x)

for each class w;.

Posterior distribution is proportional to data distribution * prior distribution

B Prior
O Postarior
O Likelihoodidata)
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Decision Rule

Decide w; if P(wi|x) > P(ws|x); otherwise decide wo

[ P(w|z) if we decide w»
P(error|r) = { P(ws|z) if we decide w;.

or P(error|r) = min [P(wi|z), P(w2|r)]
- Favours the most likely class.

« This rule will be making the same decision all times.
 I.e., optimum if no other information is available
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Decision Rule

- Using Bayes' rule:
p(x/w;)P(@;) likelihood x prior
p(x) evidence

P(w; /x) =

where p
p(x) = Zp(x/ w,)P(w))

Decidew; if P(w, /x) > P(w,/x),; otherwise decide w,

or

Decidew; if p(x/w,)P(w,)>p(x/w,)P(w,); otherwise decidew,

or

Decidew; if p(x/w,)/p(x/w,) >P(w,)/P(w,) ; otherwise decide w,
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Decision Rule

p(x/w)) P(o)=2 Pla,)= P(w;/x)

pixle) Plulx)
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FIGURE 2.2. Posterior probabilities for the particular priors Plwy) = 2/3 and P(w;)

FIGURF'2.1. H\(pothetical cl'ass—conditional probability densit){ functions ShOW' the = 1/3 for the class-conditional probability densities shown in Fig. 2.1. Thus in this
probability density of MgRHIINE 2 particular f'eature value x given _the patter'n L case, given that a pattern is measured to have feature value x = 14, the probability it is
category w. If x represents the lightness of a fish, the two curves might describe the in category w; is roughly 0.08, and thatitis in e is 0.92. At every x, the posteriors sum

difference in lightness of populations of two types of fish. Density functions are normal- to 1.0. From: Richard ©. Duda, Peter E. Hart, and David G. Stork, Pattern Classification.
ized, and thus the area under each curve is 1.0. From: Richard O. Duda, Peter E. Hart, Cabvtisht 1@ 20071 bv lohn Wilev: 8 5aks. The.

and David G. Stork, Pattern Classification. Copyright © 2001 by John Wiley & Sons,
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Probability of Error

- The probability of error is defined as:

[ P(wi]x) if we decide w»
Perror|z) = { P(ws|z) if we decide wq.

or P(error|r) = min [P(w|z), P(w2|x)]

- What is the average probability error?

oo o0

P(error) = / Plerror,s) de—= /P(ermﬂm)p(:r) dx

—2C — 0

- The Bayes rule is optimum, that is, it minimizes
the average probability error!
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Where do Probabilities come from?

- There are two competitive answers:

v" Relative frequency (objective) approach.
= Probabilities can only come from experiments.

v Bayesian (subjective) approach.

= Probabilities may reflect degree of belief and can be
based on opinion.
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Example: Objective approach

- Classify cars whether they are more or less than
% 50K:

= Classes: C, if price >50K, C, if price <= 50K
= Features: x, the height of a car

- Use the Bayes' rule to compute the posterior
probabilities:

p(x/C)HP(C))
p(x)
- We need to estimate px/C,), p(x/C,), P(C,), P(C,)

P(C, /x)=




Example: Objective approach

« Collect data

= Ask drivers how much their car was and measure height.
- Determine prior probabilities P(C,), P(C,)

= e.g., 1209 samples: #C,=221 #C,=988

P(CJ:%:OJ%

N
T

088
P(C,) =105 =0817

—_
T

1=more than 50k 2=lessthan 50k
(6]

0 Q-5 1 125 2
Car Height [m]
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Example: Objective approach

- Determine class conditional probabilities (likelihood)
= Discretize car height into bins and use normalized
histogram

p(x/C)

A Calculate the posterior probability for each bin:

P(C,/x=1.0)= p(x=1.0/C)AC) _
p(x=10/C)AC) + fx =10/ C) A C)
) 0.2081%0.183
0.2081%0.183 +0.0597%0.817

=0.438
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A More General Theory

O Use more than one features.
A Allow more than two categories.

O Allow actions other than classifying the input to one of the possible
categories (e.g., rejection).

O Employ a more general error function (i.e., expected “risk”) by
associating a “cost” (based on a “loss” function) with different errors.

Inner belief
W

Dbae rvables Decision .
(54 i
;

ﬂ

nuntrul sel E - Hng statistical risk/cost
Informative| : imshisate
sensors features | .. | Inference minimization

____________
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Terminology

Features form a vector xeR’
A set of ¢ categories w,, w, o,
A finite set of / actions o, a,  «

A loss function A (a;/ w;)

= the cost associated with taking action «; when the
correct classification category is o,
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Conditional Risk (or Expected Loss)

- Suppose we observe x and take action «;

- The conditional risk (or expected loss) with taking
action «; is defined as:

R(a,/x)= chi(al. [@;)P(w;/X)

A ( «a, I(u) )
@) &y
6“ cancer a’l 0 1
normal o 100 0
Normal Chest Chest with Right Lung Cancer (Ul = cancer, o, = non-nul

a, = cancer, «, =normal

From a medical image, we want to classify (determine) whether it contains cancer tissues or not.




Overall Risk

- Suppose a(x)is a general decision rule that
determines which action a; o, . o, to take for
every X.

sy

 The overall risk is defined as:

R= j R(a(x)/x) p(x)dx

- The optimum decision rule is the Bayes rule
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Overall Risk

- The Bayes rule minimizes R by:
(i) Computing R(a; /) for every «; given an X
(if) Choosing the action «;with the minimum
R(a;/X)

« The resulting minimum R* is called Bayes risk and
is the best (i.e., optimum) performance that can
be achieved:

R =minR
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Example: Two-category classification

- Define
= «,:decide o,
= o, decide w,
Ajp=A(a; /o))
- The conditional risks are:

R(a,/x)= il(ai /w,)P(w,;/X)

V

R(al/x) = ;Lllp(wl/x) I )lep(fi)z/X)
R(QQ/X) = ﬂzlp(a)l/X) T )LQQP((DQ/X)
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Example: Two-category classification

« Minimum risk decision rule:

Decide o, 1f R(a,/x) < R(a,/x); otherwise decide o,

or

Decide @y 1f (A — A1))P(@1/X) > (A}5 — Ap)P(@,/X); otherwise decide o,

or (l.e., using likelihood ratio)

p(X/an) S (A2 = Ax) Plar)
p(Xan)  (Ay = A) P(oy)

likelihood ratio threshold

Decide o 1f otherwise decide o,
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Special Case: Zero-One Loss Function

- Assign the same loss to all errors:
B gy
Ala:lw D) =
(a;la;) {1

- The conditional risk corresponding to this loss function:

o= X Malo YP(0,/x)= ¥, P(w;/x)=1- P(a,/x)
j=1 i#j
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Special Case: Zero-One Loss Function

- The decision rule becomes:
Decide @ 1if R(a,/x) < R(a,/x); otherwise decide w,
or Decide @ if 1 — P(w/X) <1 — P(w,/X); otherwise decide o,
Or Decide o, if P(@,/x) > P(w,/X), otherwise decide a,

- The overall risk turns out to be the average probability
error!
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Example

« Assuming general loss:

pXao) g (Ao —A) Plwr)

. otherwise decide w-
pXlay) (A — A1) P(wy)

Decide wq 1f

« Assuming zero—one loss:
Decide w;1f p(x/w;)/p(x/w,)>P(w,)/P(w;) otherwise decide w,

P(xl“’l)
p($|"‘"2)

Ha =P(a)2)/P(a)1)

0 — P(wz)(ﬂqz _/122)
" P(@) (A Ay

R 7 7 7 assume: /1]2 >ﬂ21

(decision regions)
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Outline

- What's Beyesian Decision Theory?

« A More General Theory

« Discriminant Function and Decision Boundary
« Multivariate Gaussian Density

« Error Bound, ROC, Missing Features and Compound
Bayesian Decision Theory

Summary
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Discriminant Functions

« A useful way to represent a classifier is through
discriminant functions gi(x),i=1, ..., c, where a
feature vector x is assigned to class w; if

gi(x)>gyx)for all j=1

Action
(e.g., classification)

Discriminant
functions

Lecture 3 January 28, 2018



Discriminants for Bayes Classifier

« Is the choice of g; unique ?
= Replacing g;x ) with f(g;x)), where f()is
monotonically increasing, does not change the
classification results.

(x/@.)P(w.)
g (%) = ===
g(x)=P(wyx) ) p(x)
gi(x) :p(X/a)l-)P(C()l.)

we’ll use this

discriminant extensively!
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Case of two categories

« More common to use a single discriminant function
(dichotomizer) instead of two:

g2(x) = g1(X) — g2(X)

Decide o 1f g(x) > O, otherwise decide m,

Examples:
g(x)=P(w,/x)-P(w,/Xx)

/@) | P@)
p(x/w,) P(w,)

g(x)=In
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Decision Regions and Boundaries

- Discriminants divide the feature space in decision regions
R, R, ... R¢,separated by decision boundaries.

Decision boundary
is defined by:

g1(X)=g»(x)
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Why are Gaussians so Useful?

- They represent many probability distributions in nature
quite accurately. In our case, when patterns can be
represented as random variations of an ideal

prototype (represented by the mean feature vector)
- Everyday examples: height, weight of a population

plx)

2.5% 2.5%

pn-20 p-o 7 p+o p+2o

FIGURE 2.7. A univariate normal distribution has roughly 95% of its area in the range
|x — u| < 20, as shown. The peak of the distribution has value p(x) = 1/v/2mo. From:
Richard O. Duda, Peter E. Hart, and David G. Stork, Pattern Classification. Copyright
© 2001 by John Wiley & Sons, Inc.
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Multivariate Gaussian Density

- A normal distribution over two or more variables (d
variables/dimensions)

p(x) = (Qﬂ)d,ilz‘l S exp H(x 'S — )
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The Covariance Matrix

- For our purposes...

- Assume matrix is positive definite, so the determinant
of the matrix is always positive

- Matrix Elements

- Main diagonal: variances for each individual variable

- Off-diagonal: covariances of each variable pairing i & j
(note: values are repeated, as matrix is symmetric)

B[(X1 —m)(X1 — )] E[(X: —p)(Xe —p2)] -0 B[(X1 — p)(Xn — pa)] |

E[(X2 — p2)(X1 —m1)] E[(X2 —p2)(X2 —p2)] -+ E[(X2 — p2)(Xn — tn)]

LE[(Xn — pn) (X1 — )] E[(Xn —pn)(X2 —p2)] -+ E[(Xn — pin) (X — ptn)] |




Discriminant Function for Multivariate Gaussian
Density

- We will consider three special cases for:
- normally distributed features, and
- minimum error rate classification (0—1 loss)

a Recall: | gi(x) = Inp(x|w;) + In P(w;)

if p(z|w) ~ N(u, i) then approx. P(X|w;)

1 1
using: %) = e [ —5x— )5 k= )
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Minimum Error-Rate Discriminant Function for
Multivariate Gaussian Feature Distributions

* In (natural log) of

1 1 _
p(X) — (27T)d/2|2|1/2 exXp _ﬁ(x_#')tz 1(X_P’)

gives a general form for our discriminant functions:

1
g;(x) = —=(x — p)t 8 M (x — 1) — gln 2 — §ln |%;| + In P(w;)

- O O o o o e e e e S S O N B O R W e e e e O S B O e Em Em e
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Special Cases for Binary Classification

- Purpose
Overview of commonly assumed cases for feature
likelihood densities,

- Goal: eliminate common additive constants in discriminant
functions. These do not affect the classification decision
(i.e. define gi(x) providing “just the differences”)

- Also, look at resulting decision surfaces (g(x) = g(x))

- Three Special Cases

(D Statistically independent features, identically distributed
Gaussians for each class

2 l|dentical covariances for each class
3 Arbitrary covariances




Case: 2, = 02[

1 1 1
g;(x) = —=(x — 1) H(x — 1y _“In2r—=n 34|+ In P(w;
o P Hi/ 2

- Satisfiy two conditions: (1) Features are statistically independent and
(2) Each feature has the same variance.

- Remove Items in red: same across classes (“‘unimportant additive
constants”)

-1 2
. Inverse of covariance matrix: 25 = (1/'-'? )I
« Only effect is to scale vector product by l/U2

« Discriminant function:

— [ t — [l:
il = (x =) (gx #) | P(w;)
20+
1
gi(z) = __2[th — 2usX + it pg] + In P(w;)

20




Case I: ZZ — 021

Linear Discriminant Function
Produced by factoring the previous form

gilx) = —5{ —I—lwm

A 4T
_,__(TZ'U‘IIXI 202

gi(x) |

pip; + In P(w;)

Threshold or Bias for Class i:  wjg
Change in prior translates decision boundary
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Case I: Ez — 0'21

- Decision Boundary: 93(37) = gj (33')

W' (x —%g) =0

- " 1 o? P(w;)
| (.““*‘_"J’i)_? (z— (5(#«& + Kj) — (P%E — )t (s — 1) L P(w;)

= Decision boundary goes through x0 along line between means,
orthogonal to this line

= |f priors equal, X0 between means (minimum distance classifier),
otherwise x0 shifted

= |f variance small relative to distance between means, priors have
limited effect on boundary location
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Case 1: Statistically Independent Features with
Identical Variances

LEN
F I J w! ey
4 | “
I
0z
!
I
1
1
I
ol I
I
e ] "
-2 o 12 4
}
R, R,
Pl =5 Plunj=5

FIGURE 2.10. If the covariance matrices for two distributions are equal and proportional to the identity
matrix, then the distributions are spherical in d dimensions, and the boundary is a generalized hyperplane of
d — 1 dimensions, perpendicular to the line separating the means. In these one-, two-, and three-dimensional
examples, we indicate p(x|w;) and the boundaries for the case P(w;) = P(w>). In the three-dimensional case,
the grid plane separates R; from R,. From: Richard O. Duda, Peter E. Hart, and David G. Stork, Fattern
Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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Example: Translation of Decision Boundaries
Through Changing Priors
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Case II: Identical Covariances X; = X

1 - d ]
g;(x) = _E(X — Jf,r,i)"Ei_l(x — l;) — 5 In 2w — 5 In |35 + In P(w;)

« Remove terms in red as in Case | these can be ignored
(same across classes)
- Squared Mahalanobis Distance (yellow)

- Distance from x to mean for class i, taking covariance
into account; defines contours of fixed density




Case II: Identical Covariances 3; = 3]

- Expansion of squared Mahalanobis distance

(X_p’i)tz_l(x_y'l)
—XE L ,ul uJE X—|—/l12 p,l

the last step comes from symmetry of the covariance matrix and thus its
inverse:

Et _ Ej (Zﬁl)t _ E_l

- Once again, term above in red is an additive constant independent of
class, and can be removed
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Multivariate Gaussian Density: 3; = ¥

Linear Discriminant Function

gulit) = tlx —|-’E'
1

X) =l__(2_ i) X —§Mt2 pi + In Pw;)

Decision Boundary: gz(m) — g (:17)

W' (x —xg) =0
" (1 o In[P(w;)/Pwj) - \
(27 ) e (04 1) = G S = ) )

=0
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Case II: Identical Covariances ; =

« Notes on Decision Boundary

- As for Case |, passes through point x0 lying on the line between the two
class means. Again, x0 in the middle if priors identical

- Hyperplane defined by boundary generally not orthogonal to the line
between the two means




Case III: arbitrary X::

1 D 1
g:(x) = —i(x — 1)’ (x - ) - In 27| — 3 In |%;| 4+ In P(w;)

a Can only remove the one term in red aboveSquared
A Discriminant Function (quadratic)

gi(z) = ' Wiz + wlz + wi

{ 1 |
gi(z) = zt(— = )I:c+(z~1,u1) - 2%2 yg—§1n|2é|+1np(wﬂ-);_
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Case III: arbitrary X::

d Decision Boundaries
- Are hyperquadrics: can be hyperplanes,
hyperplane pairs, hyperspheres,
hyperellipsoids, hyperparabaloids,
- hyperhyperparabaloids

[ Decision Regions

- Need not be simply connected, even in one dimension (next
slide)
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Case III: arbitrary s

plxlw;)

R I Rz Rf

FIGURE 2.13. Non-simply connected decision regions can arise in one dimensions for
Gaussians having unequal variance. From: Richard O. Duda, Peter E. Hart, and David
G. Stork, Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.
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Case III: arbitrary X::




Example: Case III

decision boundary: x5 = 3.514 — 1.1252; + 0.18752%.

P(w4)=P(w,)

boundary does
not pass through W
midpoint of 4,y 2 2 4 5 8 10
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