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Bayesian Estimation

- In MLE 0 is assumed fixed
- |In BE 0 is a random variable

- Suppose we have some idea of the range where
the parameters 6 should be

- Shouldn’t we utilize this prior knowledge in hope that it
will lead to better parameter estimation ?
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Bayesian Estimation

- Let 6 be a random variable with prior distribution
P(0).

- This is the key difference between ML and Bayesian
parameter estimation.

« This allows us to use a prior to express the
uncertainty present before seeing the data.

« Frequentist approach does not account for uncertainty
in 6 (see bootstrap for more on this, however)




Motivation

- As in MLE, suppose p(x|0) is completely specified if 6
IS given.
- But now 0 is a random variable with prior p(0).
Unlike MLE case, p(x|0) is a conditional density

- After we observe the data D, using Bayes rule we can
compute the posterior p(6|D)




Motivation

- Recall that for the MAP classifier we find the class o
that maximizes the posterior p( w|D)

- By analogy, a reasonable estimate of 6 is the one
that maximizes the posterior p( 6 |D)

- But 6 is not our final goal, our final goal is the
unknown p(X)

- Therefore a better thing to do is to maximize p(x|D),
this is as close as we can come to the unknown

p(x) !
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Parameter Distribution

- Assumptions:
«  p(x) is unknown, but has known parametric form

- Parameter vector 6 is unknown
«  p(x]| 0)is completely known
« Prior density p( 6 ) is known
« QObservation of samples provides posterior density

p( 6 |D)
- Hopefully peaked around true value of 6

- Treat each class separately and drop subscripts
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Parameter Distribution

- Converted problem of learning probability density
function to learning parameter vector

- Goal: compute p(x|D) as best possible estimate of
P(X)

p(x| D)= [p(x,0| D)do

= [p(x16.D)p(0) D)@{x 6)p(0| D)d6
N

p(x) is completely known given 6,
independent of samples in D

Links class-conditional density p(x|D) to posterior density p(8|D)
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The Univariate Case: p(u|D)

- (Goal: Estimate 6 using the a posteriori density P(0 | D)
- The univariate case: p(n|D)
« W Is the only unknown parameter

p(x | 1)~ N(u,07)
p(4) ~ N(1,07)

* U and oy are known.
* Ko Is best guess for U, 6 is uncertainty of guess.
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The Univariate Case: »(u|D)

Dy-_ PO1)p()
P =T 001w punds

= a[ | pCe, | 1) p(w)

« o depends on D, not n

- The above equation shows how training samples
affect our idea about the true value of u
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The Univariate Case: »(u|D)

Dy~ POl
P = Tl wpunds

= aH p(x, [ 1) p(1)

p(ﬂ:ilﬂ) p(p)

L 0 k=1 .. \

= n X empirical mean
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The Univariate Case: p(u|D)

D) p(u)
D)= Pt (1)
PUDY =T 1) pluordn

= aH p(x; | 1) p(r0)

k=1

- Reproducing density (remains Gaussian)

p(u|D)~N(y,,0,) (2)

4 (1)and (2) yield:

no, 5 o’
yn - ﬂn + u[]

2
no, +o’ no;+o
2 0-30-2 \
and o, =————
no, +o Empirical (sample) mean
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The Univariate Case: p(u|D)

Hy = 10, a,+ o Iz
n - n (]
no, +o’ no, +o’

2
e

and o, =—2——
nol+o

- u is linear combination of empirical and prior

information

- Each additional observation decreases uncertainty
about M

P(h) P(h\D1) P(h|D1.D2)

——

hvpotheses hypotheses hypotheses
(a) (b) (e)
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The Univariate Case: p(z|D)

- The univariate case

p(i | D) computed

p(x | D) remains to be computed*

p(x D)=_[p(x|y)p(u|D)dy is Gaussian
It provides: p(x|D)~ N(u,,c”+0c.)

p(z|D) = f ol p)a(elD) s

= [ e [3(50) ] gammee [ 5 (552) T
B 27T0'0'n s [ ;(j;%—ﬂgg ] flo,on)

where
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The Univariate Case: p(z|D)

- Using Bayes formula, we obtain the Bayesian
classification rule:

A%z_x \_P(COJ |an)JEW Lp(x|a)j,Dj)p(a)j)J

- We have:
v" Replaced mean with conditional mean

v" Increased variance to account for additional
uncertainty in x due to inexact knowledge of mean




The Multivariate Case

p(x|p) ~ N(p, %) p(p) ~ N(pg, Xo)
—p(plD) = a]]pxklw)pw)
=1
- = a'exp —% (ut(nz‘l + 35w — 2p (2‘1 D X+ Ealuo)ﬂ
B =3

- 1 B
— p(ﬂlD) — a"e}{p —_(.u’ = u’n)tznl(p’ o ”n)]

g

o5 (5 25 s (o 1)
1 a-17
En:20(20~|— EE) =2
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Bayesian Parameter Estimation: General Theory

- p(x | D) computation can be applied to any situation in
which the unknown density can be parameterized.
- The basic assumptions are:

v' The form of p(x | ©) assumed known, but the value of 0 is
not known exactly

v Our knowledge about 0 is assumed to be contained in a
known prior density

v The rest of our knowledge 0 is contained in a set D of n
random variables x1, x2, ..., xn that follows p(x)




Bayesian Parameter Estimation: General Theory

- The basic problem is: “Compute the posterior
density p(6 | D)” then “Derive p(x|D) ”
known unknown

olx10)- | RN D

- Using Bayes formula, we have:

o ___pD[0)p(®)
PO =T 016 010

- And by the independence assumption:

pD16) =[] p(x, |0
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Recursive Bayes Learning

- Assume that training samples become available one
by one

p(D" [6) = p(x, |0) p(D"" | H)

- Due to independence, result is independent of order:

k=n
pD|O)=]] p(x,10)
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Bayesian Estimation vs. MLE

BE: p(x|D) can be thought of as the weighted average of
the proposed model for all possible values of 6

support @receives

from the data
p(x|D)= [ p(x|6)p(6 | D)de

proposed model
with certain 6

Contrast this with the MLE solution which always gives us
a single model:

p(x|0)

When we have many possible solutions, taking their sum
averaged by their probabilities seems better than pick just
one solution.




Bayesian Estimation vs. MLE

« |In practice, it may be hard to do integration analytically
and we may have to resort to numerical methods

- The MLE solution requires differentiation, instead of
iIntegration, to get

p(x]6)

- Differentiation is easy and can always be done
analytically




When do Maximum-Likelihood and Bayes
Methods Differ?

- Equivalent asymptotically (for infinite training data)
- For reasonable prior distributions
- When prior p( 6 ) is uninformative and p( 6 |D) is
peaked

- MLE computationally cheaper, simpler solutions
- BE uses more information (more general model)
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Bayes Classifier

- Traing data

X ¥
4 \ /N
P (X iY) P (Y) Sky Temp Humid Wind Water Forecst EnjoySpt
P (Y | X) —_ |Sunny Warm Normal Strong Warm Same Yes
— Summy Warm  High  Strong Warm  Same Yes
_P (X) |Rainy Cold High Strong Warm Change No
Sunny Warm High Strong Cool Change Yes

« Learning = estimating P(X]Y), P(Y)
- Classification = using Bayes rule to Classification
using Bayes rule to calculate P(Y | Xnew)
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Bayes Classifier

- Traing data

X ¥
4 \ /N
P(X iY) P(Y) Sky ‘Temp Humid Wind Water Forecst EnjoySpt
P (Y | X) —_ |Sunny Warm Normal Strong Warm Same Yes
— [Sunny Warm  High  Strong Warm  Same Yes
P (X) Rainy Cold High Strong Warm Change No
(Sunny Warm High Strong Cool Change Yes

« Learning = estimating P(X|Y), P(Y)
« Classification = using Bayes rule to Classification
using Bayes rule to calculate P(Y | Xnew)

How shall we represent P(X]Y), P(Y)?
How many parameters must we estimate?
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Bayes Classifier

- Traing data

X ¥
4 \ /N
P(X iY) P(Y) Sky Temp Humid Wind Water Forecst EnjoySpt
P (Y | X) —_ |Sunny Warm Normal Strong Warm Same Yes
— [Sunny Warm  High  Strong Warm  Same Yes
P (X) |Rainy Cold High Strong Warm Change No
(Sunny Warm High Strong Cool Change Yes

« Learning = estimating P(X]Y), P(Y)
- Classification = using Bayes rule to Classification
using Bayes rule to calculate P(Y | Xnew)

Full joint P(X1,X2,...,Xn|Y) usually impractical.
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Conditional Independence

Definition: X is conditionally independent of Y given Z,
if the probability distribution governing X is
independent of the value of Y, given the value of Z

(Vi,j, k) P(X = x;|Y = y;, Z = z) = P(X = x;|Z = z,)

Which we often write

P(X|Y,Z) = P(X|2)

=5
P(Thunder|Rain, Lightning) = P(Thunder|Lightning)
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Conditional Indepence

Naive Bayes uses assumption that the Xi are conditionally independent,
given Y.

Given this assumption, then:
P(X1,X2]Y) = P(X1|X2, Y) P(X2|Y)
= P(X1]Y) P(X2]Y)

In general

P(X1...Xn|lY) = HP(X?;|Y)

How many parameters needed to describe P(X|Y)? P(Y)?
» Without conditional independent assumption?
» With conditional independent assumption?
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Naive Bayes in a Nutshell

Bayes rule:

P(Y = yp)P(X1 ... Xn|Y = y)!

P(Y = yplX1... Xn) =
YT P(Y =y )P(X1 ... XalY = ;)

Assuming conditional independence among Xi’s:

) 1 (P =y P(Xi]Y = yi) 7
P(Y yk‘le Xn) Ej P(Y — yj) HEP(X?,JY o yj')

So, classification rule for Xnew =(X1, ..., Xn) is:

Y™ . arg rrggx P(Y = y;.) H P(XYY = yg)
i
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Naive Bayes Classifier (not BE)

- Simple classifier that applies Bayes’ rule with
strong (naive) independence assumptions

- A.k.a. the ‘independent feature model”

P(@i[Xq, Xa,..)= & P(X4| @) P(Xo| @)-.. p(ax)

- Often performs reasonably well despite simplicity
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Naive Bayes Classifier

« NB is known to produce posteriors closer to extremes
(0 or 1) than true posteriors

— Why ?
- NB performs well when only small amounts of training
data are available

— Why ?
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Example: Email Classification

All incoming

amaile Good Email
L —RA j
Spam Filters Your
Internet Mail Server
Mail/Spam/Viruses Our Spam Filter Good Email
Low Spam

- 54

. TRASHED!
)\ VIRUSES/SPAMS
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Example: Email Classification

Training data: a corpus of email messages, each
message annotated as spam or no spam.

Task: classify new email messages as spam/no spam.

To use a naive Bayes classifier for this task, we have
to first find an attribute representation of the data.

Treat each text position as an attribute, with as its
value the word at this position.

e.g., emall starts: "get rich".
The naive Bayes classifier is then:

VNB arg max P(V_f) HP(CI,‘IVJ,‘)

v;€{spam,nospam}

= arg max P(v;)P(a; = get|v;)P(ay = rich|v;)

v;€{spam,nospam}




Example: Email Classification

- Using naive Bayes means we assume that words are
independent of each other. Clearly incorrect, but
doesn’t hurt lot for our task.

- The classifier P(a; =wi|v;) uses i.e., the probability that the
I—th word in the email is the k—word in our vocabulary,
given the email has been classified as V;.

Mail Filter

8@l

Spammer
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Example: Email Classification

- Simplify by assuming that position is irrelevant:
estimate rwv)), 1.e., the probability that word w; occurs
In the email, given class v; .

- Create a vocabulary: make a list of all words in the
training corpus, discard words with very high or very low

frequency.

Mail Filter

8@l

Spammer
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Example: Email Classification

- Training: estimate priors:
P(vj) =%

- Estimate likelihoods using the m—estimate:

— 1
P (wk’vj ) - n+|V§::abu£ary\

N total number of words in all emails

n: number of words in emails with class v;

ni: number of times word wy occurs in emails with class v
|Vocabulary|: size of the vocabulary

- Testing: to classify a new email, assign it the class

with the highest posterior probability. Ignore unknown
words.
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Training/Test Split

- Randomly split dataset into two parts:

- Training data
- Test data

- Use training data to optimize parameters
- Evaluate error using test data
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Training/Test Split

How many points in each set?

Very hard question

- Too few points in training set, learned classifier is bad

- Too few points in test set, classifier evaluation is
insufficient

Cross—validation

Leave—one—out cross—validation
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Cross-Validation

In practice

Available data => training and validation
Train on the training data

Test on the validation data

k—fold cross validation:

- Data randomly separated into k groups
- Each time k

« 1 groups used for training and one as testing
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Cross Validation and Test Accuracy

 If we select parameters so that CV is highest:

- Does CV represent future test accuracy ?
- Slightly different

- If we have enough parameters, we can achieve
100% CV as well

- e.g. more parameters than # of training data
- But test accuracy may be different
- So split available data with class labels, into:
« training
- validation
« testing




Cross Validation and Test Accuracy

« Using CV on training + validation
- Classify test data with the best parameters from CV

Train Validate

Train Validate Train

Validate Train

Test
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Overfitting

« Prediction error: probability of test pattern not in class
with max posterior (true)

 Training error: probability of test pattern not in class
with max posterior (estimated)

 Classifier optimized w.r.t. training error
Training error: optimistically biased estimate of prediction

error




Overfitting

- Qverfitting: a learning algorithm overfits the training
data if it outputs a solution w when another solution
w’ exists such that:

errortrain(w) < errOrtrain(\N,)
AND
errortrue(w,) = errOrtrue(w)
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Example: Fish Classifier

_» Lightness
2 ! 6 8 10
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Minimum Training Error

Width
22 salmon - sea bass
21 e
20 . "
19
18
i By
16
15

. » Lightness

14 . . . . M Y " . . ; . . : L :
2 4 6 8 10
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Final Decision Boundary

22 salmon . seabass

i 1 P |
2 4 6 8 10
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Typical Behavior

error

training error

model
complexity
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Typical Behavior

error test error

How do we find this?

training error

model
complexity
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Typical Behavior

- The aim is to get the network to generalize to classify
new inputs appropriately.

- If the training data is known to contain noise, we don't
necessarily want the training data to be classified
totally accurately, because that is likely to reduce the
generalization ability.

in,
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